ZETA FUNCTION FOR FERMAT HYPERSURFACES

RANDY MARTINEZ

ABSTRACT. In this paper we find a way to compute the number of solutions to Fermat hy-
persurfaces over finite fields. This can be developed by first considering characters over these
finite fields and introducing Gauss sums and Jacobi sums. Then we proceed with introducing
the zeta function for hypersurfaces and showing some wonderful properties and results about
it. We then put everything together to compute the number of points on these hypersurfaces
and use this to compute the zeta function.
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1. INTRODUCTION

Computing the number of points of objects is a fundamental problem in several areas of math-
ematics. Arithmetic geometry is a field where this issue is investigated in great detail, and our
goal is to study the number of solutions of the equation

"yt + 2" =0
over a finite field. We will investigate this in more generality by looking at Fermat hyper-
surfaces. Fermat hypersurfaces over a field F' are subsets of projective n-space defined by
equations of the form
2ty + .+ =0

from the ring of polynomials F[x1,...,x,]. When F is a finite field, it makes sense to ask for
the number of points in this set. We will take the approach using characters over F, and the
zeta function over hypersurfaces and follow Ireland and Rosen [2] closely while developing the
theory needed.

2. PROJECTIVE HYPERSURFACES

2.1. Affine and Projective n-space.

Definition 2.1. Let F' be a field and A"(F) = {(a1,...,ay) : a; € F} be the n-tuples of
elements in F'. We call A”(F) the affine n-space over F.

Consider the set of points A"™!\ {0}, where 0 is the zero vector in A"*1(F). Let a =
(a1, ..., an+1) and b = (b1, ..., by41) and define the equivalence relation:

a ~ b if there exists ¢ € F* such that a; = cb; for all i.

This is an equivalence relation because of the fact that the units of F' form a group under
multiplication.

Definition 2.2. The set of equivalence classes is called projective n-space over F' and is denoted
P"(F).

In the case where F' is a finite field of order ¢, it is easy to see that |A"(F)| = ¢". In the

construction of P"(F) we started with ¢"*!—1 points from A"*1\{0}, and there are |[F’¥| = ¢—1
points in an equivalence class, which gives us that |P"(F)| = qn;_lfl =q¢"+q¢ .. +qg+1

Now let a = (ag, ay, ..., a,) and consider the subset of P"(F') where the first coordinate is zero:
H :={[a] € P"(F):ap=0}. H is known as the hyperplane at infinity. Notice that H has the
structure of P"~1(F).

Proposition 2.1. & : P"(F)\ H — A", ®([a]) = (a1/ao, ..., an/ap), is a bijection.

Proof: If ®([a]) = ®([b]), then a;/ag = b; /by for all i. Let ¢ = by/ag € F*. Then a; = cb;,
which implies that [a] = [b], so ® is injective. Let for any a = (aq,...,a,) € A"(F), take
b=(1,a1,..,a,) € P"(F)\ H. Then ®([b]) = a, so that ® is surjective. O

Hence Proposition 2.1 tells us that P*(F) is made up of A"(F) and P"1(F).
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2.2. Polynomials and Hypersurfaces.
Let F[z1, ..., ] be the ring of polynomials in n variables over the field F'. Any f € F[x1, ..., y]
can be written as

_ E RN 5 TN 1> R,
f(l‘) - Qiyig-in X1 Ly xnn7
(15-vus%n)

and the terms of the form w’f e x’n” are called monomials. The sum i + ...7,, is called the total
degree of the monomial and deg f will denote the maximum of the total degrees of monomials
in f(z). A polynomial whose monomials all have total degree [ is called a homogeneous poly-
nomial of degree [.

Let K be a field extension of F' and f € Flzy,...,z,]. For a € A"(K), we can consider the
evaluation map

p: A"(K)— K, ¢(a)= f(a) (substituting a; for z;).
Definition 2.3. The points a such that f(a) = 0 are called the zeros of f and the set
Hy(K) = {a € A"(K) : f(a) = 0}
is called the hypersurface defined by f.

In the case of f being a homogeneous polynomial of degree [, we have that f(ca) = ¢! f(a) =0
for all ¢ € K*. Hence we can similarly define a projective hypersurface

Hy(K) = {[a] € P"(K) : f(a) = 0}.

For any given f € Flz1, .., 2n] and g = (4o, ., yn), define F(v) = 4% F(41/40> - n/5o). This
defines a homogeneous polynomial of degree equal to f. This is called the projective closure of
an affine hypersurface.

2.3. Chevalley’s Theorem.

In this section the field F' will be a finite field with g elements. The existence of solutions to any
given equation is non-trivial in general. However, the following theorem by Claude Chevalley
gives us the existence of non-trivial solutions to projective hypersurfaces over a finite field F
when the number of variables in F[z1,...,x,]| exceeds the degree of the polynomial.

Theorem 2.2. Let f € Flx1,...,x,]. Assume that f(0,...,0) = 0 and that deg f < n. Then f
has more than one zero.

To prove this statement we will need a couple lemmas.

Lemma 2.3. If a polynomial f € F[zy,...,z,] has degree less than ¢ and vanishes on all of
A™(F), then f is identically zero.

Proof: We proceed by induction on n. When n = 1 we have that a polynomial in one variable
of degree less than ¢ vanishes on all of F', and hence must be identically zero. Now assume
that this is true for polynomials in n — 1 variables. Let f(z1,...,x,) € Flx1,...,25]. Then we
may write f in terms of x,, as the following:

flx1,.yxy) = Zgi(l‘l, ...,xn,l)x;.
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For any a € A" !(F) and substituting a in g, we have that

q—1
f(ala "'7an—17xn) = Zgi(alv "‘7an—l)$:1
=0

is a polynomial in z, which vanishes on F'. Hence by the base case g;(ai,...,an,—1) = 0 for all
7. By induction hypothesis, since a is arbitrary, g; must be identically zero, and hence f. [

Definition 2.4. Let f,g € Flz1,...,z,]. We say f is equivalent to g, f ~ g if f(a) = g(a) for
all a € A™(F'). A polynomial is called reduced if each variable has degree less than g.

Lemma 2.4. Every f € Flxy,...,z,] is equivalent to a reduced polynomial.

Proof: Note that it is enough to show this for the case of a single variable since for a given
monomial x’f .- xin we can reduce each variable individually and each will have degree less
than q. Because 2?7 — xz = 0 over F', we have that ¢ ~ z. For arbitrary k, let j be minimal
such that zF ~ 27. Now it must be the case. that j < ¢. For if not, then by the divi-
sion algorithm there is an a,b € Z such that j = ga + b with a > 0 and 0 < b < ¢q. Then
aF ~ ol = 2990 ~ 2% = 29 and a + b < j, contradicting the fact that j was minimal. [J
We can now prove Chevalley’s Theorem:

Proof of Theorem 2.2: Let f € Flxy,...,x,] be of degree d and suppose to the contrary that 0
is the only zero. Then the polynomial 1 — f¢~! has the property that (1 — f9=1)(0) = 1 and
zero elsewhere. Notice that the polynomial

(L—af ) —af ) (1 -2
has the same property. By Lemma 2.4, 1 — 97! is equivalent to a reduced polynomial 7, so
the polynomial
(e (g

vanishes on A"(F') and has degree n(q — 1) (since deg r < ¢). By Lemma 2.3 we have that
r—(1—a2% Y (1= 2% is identically zero. Hence r = (1 — 2% ') -+ (1 — 2271), implying
that r has degree n(q — 1). Since r is the reduced form of f, we have that deg r < deg f, and
son(q—1) <d(qg—1). Thus n < d = deg f, which is a contradiction. O
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3. TRACE AND NORM OVER FINITE FIELDS

We will use the fact that any finite extension F, is Galois, for if £ has p" elements then F
is the splitting field of the separable polynomial 2" — z and splitting fields are unique up to
isomorphism.

3.1. Trace and Norm.
Let E/F be a field extension.

Definition 3.1. The trace and norm of an element o € E are defined to be the trace and
determinant, respectively, of the endomorphism given by left multiplication
T:E—E, T(p)=ap,
Trg/p(a) = Tr(T), Ng/p(a) = det(T).
It is a basic result in algebraic number theory that if F/K is a finite separable extension, then

we may consider all F-embeddings o € Hom(FE, F'), where F is an algebraic closure of F' and
obtain the following:

Lemma 3.1. Let {01, ...,0,} be the F-embeddings of E into F. Then

n n
Trg/p(a) =Y o(a), Ngrpla)=]]oi(e).
i=1 i=1
We will mostly be considering The next lemma is also useful as it shows that the trace and
norm are transitive.

Lemma 3.2. Let ' C E C K be a chain of fields and o € K. Then
Trg/p(a) = Trg/p(Trg/p(a)), Ng/p(a) = Ng/p(Ng/p(a)).

We will be primarily interested in the case where F' = IF,,. Since any finite extension of F,
is Galois, these embeddings can be seen as the Galois conjugates of o for any o € E. It is
a fact from finite field theory that Gal(F,»/F) is generated by the Frobenius endomorphism
o :Fyn — Fpn, o(a) = aP. More generally, for any finite field F' of order ¢ = p*, we have that
Gal(F,/F) (where Fy is an extension of F of degree s) is cyclic of order s generated by o*.
This gives us a way of writing an the trace and norm of any o € Fjs as

s—1 s—1
Trr p(a) =Y af, Npp(e) =[]
i=0 i=0

For more on trace and norm of field extensions, one can refer to Jiirgen Neukirch’s Algebraic
Number Theory [3].
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4. CHARACTERS, (GAUSS SUMS, AND JACOBI SUMS OVER FINITE FIELDS

Characters play in an important role in our discussion on solutions of z" + y™ 4+ 2™ = 0 over
F in the case where n divides ¢ — 1. It turns out that over these finite fields the number of
solutions to equations of the form z = a can be written explicitly in terms of characters,
which will be fruitful in our computations.

4.1. Characters.

Definition 4.1. A character of a finite abelian group G is a map x : G — C* such that
x(ab) = x(a)x(b) for all a,b € G.

For example, the character 1, 1(a) = 1 for all @ € G, is known as the trivial character. Since
finite fields are finite abelian groups, we will be most interested in studying the case where
G = F*, the multiplicative group of a finite field. A few observations that are immediate
from the definition and the structure of finite fields are that x(1) = 1; if |F| = ¢, then
(@)1 = x(a?1) = x(1) = 1 (i.e. x(a)is a (¢ — 1)st root of unity), and x(a)~! = x(a),
the complex conjugate of x(a). One of the most useful basic results whose argument is used
frequently is the following proposition:

Proposition 4.1. If x is not trivial, then

> x(a) =0.

ackF
If x is trivial, then this sum is |F|.

Proof: Since x is not trivial, there is a b € F such that x(b) # 1. Let S = > .5 x(a). Note
that as ab varies through F' as a does. Hence

x(0)S =" x(ab) = S.

acl
Hence (x(b) —1)S = 0. Since x(b) # 1, we deduce that S = 0. O

By defining a multiplication of characters x, A of G to be xyA(a) = x(a)\(a), x " (a) = x(a™1),
then the characters of G form a group with identity element 1. In fact, if G is cyclic, then the
characters form a cyclic group:

Theorem 4.2. If G is a cyclic group of order n, then the characters of G form a cyclic group
of order n.

Proof: Let g be a generator of G. Then ¢" = 1, which implies that x(¢)" = x(¢") = 1 for all
characters x of G. As every element of G is a power of g, we have that all characters are nth
roots of unity, which implies that the number of characters is at most n. Let x(g*) = e2mki/n,
Then Y is a character on G and x(g*) = x(g)¥, so x is completely determined by g. €2™/" is
a primitive nth root of unity, and x(g*) = x(g') implies e2™Fi/m = g2mi/n (op 2r(k=l)i/n — 1),
so that £k = [ (mod n). In particular, n is the smallest positive integer such that x(g)" = 1
as 2™/ = 1 if and only if n|m. Thus there are n distinct characters of G generated by x(g). O
One immediately sees from this that for all @ € G with a # 1, then there is a character x
such that x(a) # 1. In fact, letting g be a generator of G and A(g) being the the generator of
the group of characters, we see that if a = g¥ # 1 (so n t k), then x(a) = e*™/™ 2 1. This
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observation also shows that for all a # 1:
> x(a) =0,
X

where is the sum is taken over all characters of G, by using the same strategy as in Proposition
3.1 by multiplying the sum by the appropriate x(a) # 1 and using the fact that characters are
a group.

Now we consider the case where G = . As the multiplicative group of a finite field is cyclic
and Flf has p—1 elements, the character group of IF; is a cyclic group of order p—1 by Theorem
3.2. It is useful in many situations to extend a character to all of F),. By setting 1(0) = 1 and
x(0) = 0 for all non-trivial x, we extend the homomorphism property as a function from F, to
C. To relate the theory of characters to solutions of equations over F,,, it is useful to first deal
with solutions of monomials modulo p. Let N(z" = a) denote the number of solutions in F,,.
Observe that in order to have a character of F,’, we must require that it be a (p — 1)st root of
unity, so if n|p — 1, we obtain the following lemma:

Lemma 4.3. If n[p—1, then N(z" = a) = 3_, x(a), where the sum is taken over all characters
x of order dividing n.

Proof: By Theorem 4.2, the character group of F; is generated by some x(g) = e2mi/P=1 where

g is a generator of F)'. Since n|p — 1, we can define a new character v(g) = (627”/1’_1)1)771 =
e2™/" which generates the nth roots of unity. Note that there are n distinct powers of + since
x has order p — 1. Hence there are n characters of order dividing n.

We now consider the case where a = 0. Then 2 = 0 (mod p) has the unique solution z = 0,
which implies that N(z™ = 0) = 1. Note that the trivial character is of order dividing n, and
so the sum in the statement contains a 1. As all non-trivial characters send zero to zero, this
gives us the claim.

Now suppose 2" = a (mod p) is solvable. Then there are n unique solutions to this equation.
Let z¢ be a particular solution. Since all characters in the sum have order dividing n, x(a) =
x(zg) = x(xo)" =1 for all x. Thus the sum is just n as well.

Now suppose =" = a (mod p) is not solvable. Then N(z"™ = a) = 0. Letting g and v be as
above with a = ¢g¥, and, since 2™ = a is not solvable, k { n. Hence y(a) = v(g)* # 1. Letting
S =>_, x(a) be the sum in the statement, we have that

Y(@)S =5 = (y(a)-1)S=0 = S=0

since v permutes the characters of F,, which gives us the claim. O

4.2. Gauss Sums.

Gauss sums will be important to understanding the number of points on a projective hyper-
surfaces. In fact, we will be able to write the number of solutions of a hypersurface based off
Jacobi sums, which for the most part can be computed using Gauss sums (which are easier to
compute in general). To define the Gauss sum, let ¢ = >™/?,

Definition 4.2. Let F' be a finite field, x a character on F', and o € F. Define the Gauss sum
of x to be

ga(x) =Y x(a)Frm ),

acF
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Note that it is simple to compute g,(x) when y = 1, the trivial character. If « = 0, then
go(x) = ¢ since x(a) =1 for all a € F and € = 1. If a # 0, then
We will be more interested in the case where x is not trivial. Notice that for such y and a # 0,

X(@)ga() = Y x(aa)" ) = gy (x),
a€eF

so we have the relation that g,(x) = x(a™1)g1(x). If @ = 0, then the sum is 0 as x(0) = 0 for
nontrivial x. We will let g(x) = g1(x) throughout the rest of this paper for simplicity. Gauss
sums can become quite difficult to compute as the character varies, but we always know its
magnitude. Ireland and Rosen give the wonderful proof of the following lemma:

Lemma 4.4. Suppose x # 1 and a # 0. Then [g(x)| = /4.

Proof: Since go(x) = x(a™1)g(x), it is enough to show that |g(x)| = v/q- To show the equality,

we will evaluate the sum
> 9a(x)9a(x)-
acF

By our above observations, we have for a € F*: ga(x) = x(a"1)g(x), so

9a(X)9a(x) = x(a™")g(x)x(a)g(x) = g(x)

For a = 0 the Gauss sum is zero, so taking the sum over all a gives (¢ — 1)|g(x)|?.
Directly computing the sum, we see that

9a(0)9a(x) = D X($)CTm 0 B (e =y (st 0,

seF teFXx s,teFX*

%

Let S denote the last sum above. Since Tr is an additive function, we can pull out the a and
get

S= > sty

s,teF'x

Since Tr : F' — ), CTrF /ep(5=t) g just a power of ¢, and hence remains a p-th root of unity.

Summing over a gives
D8 = 3 st P (¢

ackF s,teFx acF

If s —t # 0, then this inner sum is, or else it is |F| = ¢. In this case, x(st~!) = 1, and so we
just get ¢ for all pairs (s,t) € F* x F* such that s = ¢. Since ¢ is completely determined by

s, there are ¢ — 1 ways this can happen, and so ), ga(X)9a(X) = (¢ — 1)g. Comparing both
ways we evaluated the sum, we get that

(2= DlgC)P* = (¢ = Vg,
and hence |g(x)| = /4. 0

4.3. Jacobi Sums.

At first sight, the Jacobi sum does not appear to give much information or intuition on its
usefulness in computing the number of points. To deal with this, we motivate this definition
with an example. Consider the equation

" +y" =1
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When n|p — 1, we may ask for N(z™ 4+ y™ = 1) using characters of order dividing n. Notice
that we can look at the equation a + b = 1 and ask for N(z™ = a) and N(y™ = b), giving us
N (2™ = a)N(y™ = b) possible solutions to the equation. Hence

N@"+y"=1)= Y N(@"=a)N(y"=D)
a+b=1
-3 (Zx N(A®) =3 (X x@aw).
a+b= A XoA  a+b=1
where the sum is over all Characters X, A of order dividing n. This inner sum is what we will

be studying and will be the Jacobi sum. It is more interesting to immediately generalize this
notion to multiple characters.

Definition 4.3. Let x1,..., xn be characters on a finite field F'. The Jacobi sum is defined to

be
J(X1 - Xn) = > x1(a1) -+ xn(an).
Zaizl
We also define the sum that represents Fermat hypersurfaces, the focus of this paper, as:

j(Xla --'aXn) = Z Xl(al) T Xn(an)'
> a;=0

We first make some quick observations that allow us to compute or even simplify the Jacobi sum.

Proposition 4.5. (a) If x; = 1 for all 4, then J(x1, ..., Xn ) J(x1, ...

(b) If at least one but not all x; = 1, then J(x1, ..., Xn) = (Xla' ,Xn)
(c) If xp # 1, then

5 0, ifx1- - xn#1
J(Xlw-an) — .
Xn(—1)(¢ —1)J(x1,..., Xn—1), otherwise

Proof: (a) Note that there are ¢"~! solutions to the equation a, = —a; — ... — an—1 by
varying ai,...,an—1 € F. Since all y; are trivial, we are just adding 1 ¢" '-many times,

and so j(Xl, s Xn) = "1, We can do the same thing for J(x1, ..., xn) since the equation

an=1—a; —...— ap_1 also has ¢"~! solutions.

(b) Without loss of generality, we can assume that x; is nontrivial and y,, is trivial. Since we

can write a, = —a; —...—a,—1 as in (a) and y,(ay,) = 1 for all a,, we can drop the constriction

and get

J(X1, - Xn) = Z x1(a1) - Xn-1(an-1) (le a ) Z x2(a2) - Xn—-1(an-1) =0
QA1 yeeey@p—1 ag,...,ap—1

by Proposition 4.1. This works the same way for J(x1,..., xn) a@s in (a).
(c) If xn # 1, then x,(0) = 0, and so we can write

Joa ) =2 (3 xae)xn-1(an-1)) xalan).

an#0 a1+..Fan_1=—0n

Since a, # 0 in this sum, we can write a; = —a,b; for some b; and all i = 1,...,n — 1. This
inner sum then becomes
> xal=anb)xaca(—anba)) = D xacxeoi(=an)xa(b1) - xn-1(ba1).

bi+...+bp_1=1 bi+..4+bn_1=1
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We are thus left with

j(Xla- Z X1~ J(Xla' 'aanl)-
an#0
By Proposition 4.1, this sum will be zero if x1 - - - x5, is not trivial, and x,,(—1)(¢g—1)J(x1, ---, Xn—1)
if it is trivial, giving us the claim. (|

This proposition makes computing the number of solutions easier. For example, consider the
hypersurface defined by the polynomial 22 + y? = 1 over F, for any odd prime p (so 2|p — 1).
The character of order 2 is the Legendre symbol (). Hence N(@?=a)=1+ (%) Then

N@’+y*=1)= Y N@*=a)N@F’=b)= »_ (H(Z)*(Z)*(Z)(Z))

a+b=1 a+b=1
=J(1,1)+J(x 1)+ J(1,x) + J(x, x)-
By the proposition, the first term is p, the middle two terms are 0, so all that is left is to figure
out what J(x,x) is. In this case, Y = x~!, and we prove a more general result:
Proposition 4.6. J(x,x ') = —x(—1).

Proof: By definition,
Joox ) =D xla)x ().
a+b=1
From a +b = 1, we have ab~! = 12 where a # 1. Thus x takes all values % in I’ except for
the value —1 (if %, = z, then a = {7 for z # —1), and hence

JO6exT) = —x(=1).
O
This proposition gives us that N (2% +y?) =p—x(~1) =p— (%) Elementary number theory
classifies this Legendre symbol for all odd primes p as

(;1)_ 1, p=1(mod4)

p/  |-1, p=3(mod4).

Thus N(z2+y>=1)=p—1if p=1 (mod 4) and N(z2 4+ 92 =1) =p+ 1 if p=3 (mod 4).
‘We now show the relation between Gauss sums and Jacobi sums.

Proposition 4.7. (a) Let x1, ..., xn and x1 - - - xn be nontrivial characters. Then

g(x1) - 9(xn) = J(X1, s Xn)g(X1 -+ - Xn)-
Proof: (a)

90 g0xa) = (Do) ) -+ (Do xanta)e™) = 32 (D2 xalt) - xaltn) )¢E.
t1 tn k th‘Zk
If £ = 0, then Proposition 4.5(c) implies that the inner sum is 0. When k # 0, substitution
gives us that
> xalt)xn(tn) = xaxz - Xn(B) (X1, - Xn)-
ZtiZk
Thus

g9(x1) - =Y xaxz X (BT (X, oo Xn) = T(X15 oo Xn)g (X1 -+ Xn)- O
kA0
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4.4. The equation y = a12]" + ... + apz;' and the Main Theorem.

Theorem 4.8. Let F' be a field with g elements. If ¢ = 1 (mod m), then the number of points
on hypersurface defined by the equation apzg® + ... + apz;’ =0 is

N=q¢"" ' +¢ 2+ . +1+(q-1"! Z xolagt) - - xn(an )T (x05 s Xn),
X05--5Xn

where x; # 1 and x/* = 1 (i.e. the nontrivial characters of order dividing m), and xo---xn = 1.
In this case,
1 - 1
—J == e .
) (X0, ++s Xn) qg(xO) 9(xn)
Proof: First observe that
N(aoxg' + ...+ anzjy =0)= > N(ag =to)--- N(z]] = t,).
Zaiti:[)

= Z X(tz)

where the sum ranges over all characters of order dividing m. Hence

N(apzg' + ... + apx;' = 0) Z Z Xoto Xn(tn)-

X0,-+5Xn ZCLZ i =

Since m|q — 1, for each i,

By the substitution s; = a,t;, we can reduce this to

Z j(XOa ) Xn)'

X05-++5Xn
From using the results in Proposition 4.5, we see that we can eliminate the summands where
at least one, but not all, x; are trivial. We could also take all x; to be trivial to get ¢". Hence

N(apz(' + ... +apx)t =0) =q¢" + Z J(XO05 -5 Xn)s
X0s++5Xn
where the sum is over the characters given in the theorem. Note that these are points on affine
A" space. Hence if we want projective zeros, the number of zeros is given by

N(agzd* + ... +apxl* =0) — 1 q"—l
(073 ntn =0) =1 _ +(g—1)" Z T (X0 -+ Xn)
¢-1 ¢-1 X05-5X

and the first claim follows by geometric sums. The last claim follows from propositions 4.5(c)
and 4.7. O

Note that in the case of Fermat hypersurfaces, a; = 1 for all . So to calculate the number
of points on the hypersurface defined by zg' 4 ... + z])' = 0 is given by

N=¢""4+¢" 7+ +1+(g=1)"" > J(x0,xn)-
X05-+5Xn
Thus our problem boils down to being able to compute these Jacobi sums or Gauss sums.
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5. ZETA FUNCTION ON PROJECTIVE HYPERSURFACES

We now introduce the zeta function for projective hypersurfaces.

5.1. Zeta Function.

Let F be a finite field of order ¢, and let Fs/F be an extension of degree s (containing ¢°
elements). Fix a homogeneous polynomial f € F[xy,...,z,] and define Ny to be the number
of points in ﬁf(Fs). Note that since any two finite fields of the same order are isomorphic, it
follows that N, is independent on the choice of Fy, hence Ny only depends on s. If we consider

the power series
(o]
>
s=1

then we may regard it as an analytic function with radius convergence ¢~" (since we have

N < qs(n-&-l)il
s =

1 S (n+1)¢°™), or simply as formal power series.

Definition 5.1. The zeta function of the hypersurface defined by f € F|[xy, ..., z,] is given by

e}

Z¢(t) = exp (Z N;ts).

s=1

One of the most interesting questions to ask about the zeta function of a hypersurface is whether

it is rational, and if so, in what cases. First observe that Z(0) = e = 1. If the zeta function
were rational with Z;(t) = % for some polynomials P and @), then P(0) = Q(0) = 1, so we

may assume that the constant term of P and ) are both 1. By scaling, we can thus write

Z4(t) = M

Writing the zeta function in this way allows us to prove the following important theorem:

Zi, W5 € C.

Theorem 5.1. Z¢(t) is rational if and only if there are z;, w; in C such that

Ns:Zw]S-—sz.
J

7

Proof: If Z;(t) is rational, then we can write

_ H?=1(1 — z;t)

20 = I =t

Then
log(Z¢(t)) = Zlog(l — zit) — Zlog(l — wjt).
i=1 i=1

By taking the derivative of both sides,

Zht) I~ —z M
=
Zf(t) 11—zt l—wjt'

i=1 i=1

Using geometric series, we may write this is

S (S -are) -

i=1 s=0 j=1 =0

o0

s+1,s
w; t).
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Multiplying by ¢ on both sides of our equation thus gives
Zh(

g zsz—z>

=1
On the other hand, by definition,

Zs(t) = exp <i N;ts).

s=1
By taking log and the derivative, we also get that

Z/ (t) o0
Y s
=N
s=1
Thus by looking at the coefficients, we see that
m n
O R e
j=1 i=1
Conversely, suppose such z;,w; in C exist. Then we can write

2,0 :exp(i (22 wj _sz)ts)

s
s=1
—ew (L (2™ z<z )
Because of the identity .
—log(1 — wjt) Z i
s=1

for all j, and similarly for z.s,

Zs(t) = exp (Zlog(l — zit) — Zlog(l - wﬂ)) = m
i=1 j=1 7=

So Z(t) is rational. O

We now want to show that the zeta function has integral coefficients. To do this, we require
the notion of a prime divisor. Let V C A"(F) be an algebraic set and a = (a, ...,an) eV.
Let Fy; be the smallest extension of F' that contains all a;, we say that « is of degree d. Then
al = (al,...;al) is also in V as F is fixed by Frobenius. Hence a, a4, ..., @™ are all distinct
points in V, for if a? = a? for some 1 < i < j < d, then o’ " =1, and so a € F;_; and
0 < j —i < d, which contradicts the minimality of d.

Definition 5.2. We call the set p = {«, a?, ..., aqdil} a prime divisor on V.
Lemma 5.2. N, =}, d - #(prime divisors of degree d).

Proof: For any a € V', we can find a d such that o € Fy;, and so the prime divisors partition
V. From field theory, we know that « € F; for some d|s, as F; C Fj if and only if d|s. There
are d elements in every prime divisor of degree d, and the equality follows. O
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Proposition 5.3. Zy(t) =[], l_t%gp.
Proof: Let k,, be the number of prime divisors of degree n. Then

1 = 1 \Fkn
E[l—tdegp :H<1—t") '

n=1

Taking the logarithmic derivative would give us

Zi(t) o= pnt™ !
z&t) _Z 11—’
and so /
ZH (1) = kant" | N
th‘i(t) _nzl 1—¢n _;knn<ﬂ;t )

The coefficient of t° after dividing by ¢ is
(e} [ee]
3 (Z dkd) =3 N
s=1 d\s s=1

by Lemma 5.2. By integrating, we get

[e.e]

log Zy (t) = —2t5
og V( ) ; s ;
and so
1 2 N,
Hil_tdegp = Zy(t) —exp(zzlst )
p s=

6. THE WEIL CONJECTURES

All of the results we have seen are a part of much greater phenomena: the Weil Conjectures.
Let F be a finite field of order ¢ and f € F[zg,x1, ..., y] is homogenous of degree d. Assume
that f is non-singular, i.e. that all partial derivatives of f share no common projective zeros
in any algebraic extension of F' (in algebraic geometry, we can work with a smooth projective
variety). Then for the hypersurface defined by f = 0, B. Dwork and P. Deligne proved the

following conjectures:

(1) (Rationality) There is a polynomial P such that
P@)=D"
T —qt) (1)

Zy(t) = (

(2) We can factor P(t) = (1 — z1t)--- (1 — z,t) and the map z — # is a bijection of the

reciprocal roots z;.

(3) (Riemann Hypothesis) |z]| = ¢(»~ /2,

(4) deg P(t) = d~[(d — 1)+ + (-=1)"*(d — 1)].
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These proofs of these conjectures are far beyond the scope of this paper; one would need
knowledge of Etalé cohomology. A good reference is Robin Hartshorne’s Algebraic Geometry

1.

7. HASSE-DAVENPORT RELATION

The Hasse-Davenport relation will be one of the main tools in computing the zeta function as
it allows us to compute Gauss sums in extensions of F' based solely on characters of F'. Let
F/F be an extension of degree s. Let x be a character of F' and x’ = x o Ny, /. Notice that
X' is a character as both the norm function and y are multiplicative.

Theorem 7.1. —g(x') = (—g(x))*.

To prove this, we will need a few observations and a lemma. The Gauss sum of a character
x over F'is g(x) = Y ,cp X(a)CTrF/FP(a). To write the Gauss sum of a character x’ in Fj, we
may use the above observation that x’ = xo Np, /F- By transitivity of the trace given in section
3, we have that Trp, /p, = Trp/p, o Trp, /p. Hence we can already see the relationship given by
the theorem. Also note that (%t = (2¢b. We can then create a function as follows: for monic

f=t"—an_1t" ' + ...+ (=1)"ag, define
F(f) = x(ag)¢*".
Notice that if g = ™ — by, t™ 1 +... 4+ (—1)"bg, then fg = t"" — (a1 + bp_1 )t L. +
(—=1)™ " agbg, and so
Z(fg) = x(aobo)¢™—+om=1 = x(ag) ¢ x(bo) ("™ = Z(f)F (9),

i.e. . is multiplicative. From the basic properties of trace and norm and field theory, we
automatically get the following lemma:

Lemma 7.2. Let mq r(t) be the irreducible polynomial of « € Fy over F. Then
(o)1 = X (@),

Proof of Theorem 6.1: First observe the relation

> Fue = 11 (1= F ()

fEFx]:f is monic fEF|x]:f is monic and irreducible

To see this, expand the terms on the right into a geometric sum. Since F[z| is a unique
factorization domain, any monic polynomial can be written uniquely as a product of monic
irreducible polynomials. Hence every monic polynomial will appear as a product of these
geometric sums, and this only happens once.

we now partition the sum by degrees:

> FeEl =Y (Y F)e
fEF[z]:f is monic s=0 deg f=s

When s = 0, the only monic polynomial is f = 1, and so we need .#(1) = 1 for the above
equality to hold.
When s = 1, the irreducible polynomials of degree 1 are of the form x — a for a € F'. Hence

> T = Fa—a) =3 @ = g(x)

deg f=1 acF ackF
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For s > 2, notice that if we take an arbitrary monic polynomial f = z° — a,_12°~ ' + ... + ao,
then .7 (f) will take all possible values of F' for as_1 and ag while letting the other coefficients

vary. Thus
> 7= Y xla-)--=o.
deg f=s as—1€EF
This implies that
11 (1= Z (e~ =1+ 900t

fEF[z]:f is monic and irreducible
Taking the logarithmic derivative and multiplying by a factor of ¢ gives

3 Z(f)deg ftis ] g(x)t
— Z(fHrdeeS 1+ gt

fE€F[z]:f is monic and irreducible

Writing both sides in a geometric series gives:
o0 o0
S (X F(h)deg 1) = S0 (=1) g0,
f k=1 s=1
Looking at the coefficient of t* on each side gives

(—1)*g(0)° = Y (deg ))F(f)/4®7)

deg f|s

Note that by Lemma 6.2 and taking every root of each polynomial, it follows that the right

side is g(x’), which establishes the theorem.

g
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8. THE NUMBER OF SOLUTIONS TO z"" + 4" + 2" =0

Let 7, denote the (projective) hypersurface defined by the equation z™ +y™ 4 2" = 0 over the
finite field F.

8.1. The case n = 1.

The case where n = 1 is simple. For the equation x+y+ 2 = 0, we can simply write z = -z —y
and vary all z,y € F. So if |F| = g, then there are ¢ solutions. More generally, for any Fermat
hypersurface x1 + ... + £, = 0 with m > 1, we could write x,, = —x1 — ... — ,,—1 to get that

there are ¢™~! solutions.

8.2. The case n = 2.
For this case we generalize to 7 + ... + 2], = 0 for m even. Then by Theorem 4.9, the number
of points over F' is given by

P gt 1 (=D Y 0 Xm)
X155 Xm

where ; are the nontrivial characters of order 2 such that 1 - - - x;» = 1. This only holds when
every character is the character of order 2, call it . Then

1
Ni=¢"24¢" ' +. . . +qg+1+ X(—l)gg(x)m.

But Q(X)2 = x(—1)g, and hence
Ny = q”_2 + q"_1 +..+qg+1+ X(_l)%+1qm/2—1_

We focus on the case where -1 is a square or %5 + 1 is even. Then by the Hasse-Davenport
relation,

No=g "2 4 4+ +1+¢ED,

Hence

i~ > n—2 s s s m/2—14\s

t) (¢ t° (@™
20 = 0 <o Ly
() = exp( — o (S e
s=1 s=1
= (1—¢" ) (L=gt) (1= t) 7 (1= g™ M)

In the other case, we can see that xs(—1) = 1 for the even extensions s and ys(—1) = —1 in

the odd degree extensions. Hence
Z) =1 —q" )7 (L=gt) (1= t) (1 4+ g™ )

In the case of 22 + 42 + 22 = 0, we can see from the proof of the main theorem that N (z? +
y? + 22 = 0) = ¢ + 1 since there is no way to take an odd product of nontrivial characters of
order 2 to obtain the trivial character. This also shows that for general for odd m > 2, we
obtain ¢ 2 + ¢™ ! 4+ ... + ¢ + 1 solutions.

8.3. The case n = 3.
Let x be a character of order 3. By Theorem 4.9,

1 1
Ny=q+1+ 5g(><)3 + 59(><2)3~

Let m = J(x, x). One can inductively use the relation in Proposition 4.7(a) with all x; = x to
deduce the following lemma:

Lemma 8.1. g(x)? = ¢r.
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This lemma implies that Ny = ¢+ 1 + 7 + 7. By the Hasse-Davenport relation, we can also
extend this to all extensions F§ as:

Ns=¢" +1-(-7m)°" = (=7)".

Then
20 = o (3 20) = (3 L) e (35 ) o (-30 2 (-3 20
(L + (1 + )
(1—gt)(1—1) "

8.4. The case of n > 3.
It is less obvious on how to proceed when n > 3. We can still use the main theorem to deduce
that the number of points over F' is given by

g+1+ Z J(X15 s Xm)
X1 Xm
where these y; are nontrivial characters of order n over F that satisfy x1--- xm = 1. However,
unlike the previous cases, there is no real way of knowing what the characters over arbitrary F
look like. There also is not an obvious relation that simplifies the Gauss sums as in the n = 3
case.

It should be emphasized again here that these results come from the fact that n|g — 1 so
that we can define characters over F. If this relation does not hold, then this is either of no
use, or we need a way to reduce the problem to something that we can apply the theory to.
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