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1 Introduction

A random matrix is simply a matrix, all of whose entries are random.
This means that X is an n X n matrix with entries X;; (1 < ¢,7 < n) that
are random variables.

The eigenvalues of symmetric matrices with random independent entries
are well-understood.

In the 1950s, Wigner’s semicircle law was first observed by Eugene Wigner
[4].

Definition 1. Let {Y;;},_,; and we assume
o {Yii} - -; are independent

e The diagonal entries {Y; },_; are identically-distributed, and the off-

diagonal entries {Y; are identically-distributed.

aj}1<i<j
e E[Y] < oo for all ,
Let
[Yalij = Yij’? § ]
Yjii>J
With E[Y2] > 0, then the matrices X,, = n~/?Y,, are Wigner matrices.

No matter what distribution the entries of Wigner matrix have, the den-

sity of eigenvalues converges to a universal distribution, known as Wigner’s

1
oi(dx) = 5V (4t — x2) 1 dx

semicircle law:

60

Figure 1: The density of eigenvalues of an instance of Xy, a Gaussian
Wigner matrix.



However, when the entries of the random matrix are correlated, few things
are well-understood by now. Therefore, in this paper, our aim is to study the
empirical eigenvalue distribution of square random models with some struc-
tured correlations. To be more specific, we study the eigenvalue distribution
of band matrices whose bands on diagonals are independent of each other,
but the identically distributed entries along each band are correlated.

The asymptotic empirical eigenvalue distribution can be understood by

considering the limits of the matrix moments in expectation:

Jip, BT
where k € N.
Why do these matrix moments relate to the eigenvalue distribution? First,
we need to understand what a histogram is.
There are some data points Ai, Ao, ..., \,. These data points need to be
put into some “bins” or intervals, and the number of the points in each bin
should be counted so that we could know the heights of the bins.

For example, in the interval [a, b], we need to count

#{je{l,....n}: )\ €a,b}

We can use the indicator function 1,p. It is defined by

1, (2) L,ifa<xz<b
ab]\l) =
bt 0, otherwise

To get the desired count, we need to add all indicator functions up as

follows:

#{] c {1, e ,n} : >‘j € [a, b]} = ]l[a,b](Al) + ]l[ajb](kg) + -+ ]l[a,b}()\n)

Now, we have the height of interval [a, b]. To get the whole histogram, we

should compute the random variables:

Clap) = Z L5 (A5)
j=1

for all a,b. Since the A; are eigenvalues of a random matrix, it is very hard
to compute them exactly. Therefore, we approximate the function Cy,y by
a sequence of polynomials P,,. As the degree of polynomials becomes higher
and higher, we can find a sequence of polynomials with B, (z) — 1, (z) for

every .



Then, we have

n n

Clap) = Z Lay(A) = lim Z Pr(X)

J=1 J=1

To get Clyp), we need to compte

ZP()‘j)

for every polynomial P(x) = ag+a12+asz®+- - -+az” for some real numbers

g, ay, .

n

.., ap. Then
Z(CLO + al/\j + CLQ)\jQ + -+ ak)\jk)

> P =
j=1 j=1
:nao+alz)\j+a22)\?+---+ak2)\f
j=1 j=1 j=1

So we need to know .
k
>N

j=1

for each moment k.
Now, we have X, a n X n symmetric random matrix. It is orthogonally

diagonalizable:
X =QDQ!

where () is the eigenvector matrix and D is diagonal with the eigenvalues on
the diagonal:

A 0 0]
0 X ...
D= ’ |
0 0
| 0 - A
Then,
_)\’f 0 0]
0 XN ... 0
Xk — Dk -1 — 2 -1
DQ @ 0 O .0 @
[0 0 ... M\
And thus,

Tr(X") = Tr(QD'Q™) = Tr(Q'QD*) = Tr(D")



since Tr(AB) = Tr(BA) in general. Hence,

A0 0]
0 X0 n
Tr(X®) = Tr 2 =) \k
(X7) 0 0 . 0 ; !
0 0 ...\

Therefore, if we know the matrix moments:
Tr(X")

for each integer k, then we know the quantities 2?21 /\é?, so we know all quan-
tities Z?zl P();) for polynomials P. Then we are able to approximate the

height of each bin or interval [a,b] as closely as we need.

Since X is a random matrix with random variables as entries in our model,

we cannot compute Tr(X*) exactly. However,
ETr[X*]

can be computed exactly in our model. Then we can prove that Var(Tr(X*))
is small as matrix size n — oo. The variance calculation is done in the paper

[2]. So we really do know the limit shape of the histogram by computing

1

—ETr[X"]
n
after normalization.
We know that
Tr(XH = > XX X, - X, (1)

i17i2a2'37"'7ik:1

take expectation of both sides of equation (1), then

ETr(X") = En: E[X;

7;17i2ai37"'7ik:1

Xigis Xiniy - - Xiiy] (2)

1924 igi3 <N igly -
In this paper, we will first define the maximally correlated band ran-
dom matrix which we work on, and then give the proof that the limits of

this matrix moments in expectation are the moments of Gaussian.



2 Notation and Background

2.1 Band Matrix

In order to guarantee that the matrix has real eigenvalues, we will make
the assumption that X is a symmetric n X n matrix, i.e. X;; = Xj;, where
1 <i,j <n. Let [Y,,] be a sequence of random variables, where 0 < m <

n—1.

Definition 2. Define a n X n matrix with entries
1
Vn

as a random band matrix, which have the following form:

Xiitm = Xijiem = Yo

[ X1 Xio Xin |

X12 Xoo e Xon

Xi,i+m
oo Xiitm
| le X2,n Xnm |
is equivalent to

Y, Y Y1 |

Yi Yb Ym Yn—2

1
NG

Yo, Yoo oo oo .Y,

We call this matrix: maximally correlated band matrix.

The maximally correlated band matrix is given the following assumptions:
e Entries Y,, are independent of each other.

e Entries Y,, on the diagonals are identically-distributed standard normal

random variables.

2.2 Wick’s Theorem

To calculate the limiting matrix moments in expectation, we apply Wick’s
Theorem.



Wick’s theorem is a method of reducing high-order moments to combina-
tional expressions involving only covariances of Gaussian random variables.
It is used for the formula expressing the higher moments of a Gaussian dis-

tribution in terms of the second moments.

Definition 3. Define Py(2k) as all pairings of {1,2,...,2k}. Let m be one of
the 2k integers’ possible pairings in P,

™ = {{0417 61} ; {0527 62} Yy {Oék, Bk’}}

Note that
HAP(2k)} = 2k — 1) = (2k — 1)(2k — 3)(2k —5) ... (5)(3)(1)

Theorem 1. Wick’s Theorem

Let X1, Xo, ..., Xor be jointly independent normal random variables. Then

EX1Xy.. . Xop)= > ]| EXoXy]
w€Py(2k) {a,f}eT

Example 2.1. when k = 4, 4y, 49,143,744 € {1,n} and Xj; are the entries of a
matrix, then according to equation (2):

ETr(X?) = Z E[X; 5, Xosi Xisis Xisii]

110N igizg<Nigiy

11,82,03,14

where by Wick’s theorem

E[ X0, Xiyis Xigiy Xigiy]

2122 2223 2324
- E[XlllzXlzls]E[X2324XZ4Z1] + E[ 112 2324]E[X2223X2421] + ]E[XhlzXMll]E[Xi2i3Xi3i4]
(3)

Three pairings of four variables can be expressed graphically.




In conclusiion, by Wick’s Theorem, we can express the convergence of

matrix moments in expectation as follows:

1 1
EETI[XQIC]:E Z E[X’il,iinQ,i?,"‘Xizk,il]

i1yenyiop=1

:% Z Z H ]E[Xia,iaﬂXiBaiBJrl] (4)

i1,ei2k=1 TE€P2(2k) {a,f}ET

3 Models

In this section, we will study the empirical eigenvalue distribution by ap-

plying specific random variables into the band matrices.

3.1 Model

Here is a histogram of the eigenvalues of a 4000 x 4000 matrix sampled
from the maximally correlated band model (Definition 2) with Gaussian en-

tries:
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Figure 2: The density of eigenvalues of an instance of X4, a Gaussian band
matrix.

Theorem 2 (Kemp, Tong, 2017). Let X,, be a maximally correlated band

matriz according to Definition 2. The limit matrix moments are the moments



of a Gaussian distribution:

1 " 0, k odd
lim —ETr{X"] =
n—00 M (k— D!k even

where k =1, 2, 3, ......

The full proof of this theorem will be presented in Section 3.2.

Before the proof, some propositions are needed.

Proposition 1. Let X be a mazimally correlated band matriz, where X; iy, =

Xiiem = \%Ym. Let {a, B} be a block in pairing

m={{a, B}, {ow, B}, ... {ap, Br}}

Because of the independence of entries, term E[X; Xigige) i equation

1a7ioz+1
(3) does not equal to zero if and only if
|ta — tat1| = |iﬂ - iﬁﬂ‘
Proof. 1t
|ta — a+1| # |iﬂ - iﬂﬂ‘
then
Bl X0 Xision] = E[Xza,iaH]E[Xig,z‘gH]
1
=7 T B} —iari SEYfig i)
1
—-0-0
n
=0
]
Therefore, to get a non-zero E[X;_; . Xi,i,.,], there are two cases of the

indices:
e Positive case: 14 — lq41 = 18 — 1341

e Negative case: tq — lq41 = 1841 — 13

Proposition 2. Only the pairings of the indices which are under the negative

case:
la — lag1 = ig41 — i

9



contribute to leading order of the results in Theorem 3.

The proof of this proposition will be presented in Section 3.2. Before
proving the general k-th moment, a specific example with £ = 4 will be

explained first.

Example 3.1. When k = 4, there are four indices: iy, 19,13,74 € {1,n}. The

matrix moment’s expectation can be expressed as:

1
—ETr[X? (5)
n

1 n

= > BXG0 X X, X (6)
Z‘172.27213;2.4:1

= Z (E[Xi1i2Xi2i3]E[Xi3i4Xi4i1] + E[Xiliin3i4]E[Xi2i3Xi4i1]

+ B[ XG0, X0 JE[ Xy, Xigiy)) (7)

112

Then, from the proposition 1, we see that there are four cases of these

four indices:

o Case I:
If [iy — do| = |ig — 43| = |iz — 4| = |ia — 1],
then, E[X; i, X0 |E[Xi,i, Xii ] # 0, B[ XG0, X0, JE[ Xy, Xiyi, | # 0,
B[ XG0, X0, JE[ Xy, Xigiy) # 0

e Case II:
If [iy — do| = |ig — 43| # |iz — 94| = |ia — 1],
then, E[X;,5, X0 | E[ X, Xiyi] 7 0, B[ XG0, Xigi, JE[ Xiyis Xiyiy] = 0,
B[ XG5, Xiyi, JE[ Xigi, Xigi,] = 0

e Case III:
If iy — o] = |is — ia| # lia — i3] = |ia — ia],
then, E[X;,0, X0 | E[ X0, Xisi ] = 0, B[ XG0, Xigiy JE[ Xiyi, Xiyiy] # 0,
[ XG5, Xiyi, JE[ Xigi, Xigi,) = 0

o Case IV:
If iy —dg| = |ig — i1| # |i2 — i3] = |iz — 4],
then, E[X;, 0, X0 | E[ X, Xii ] 7Z 0, Bl XG0, Xisi, B[ Xiyi, Xiyiy] = 0,
B[ XG5, X0, JE[Xipi, Xigi,] # 0

To calculate the large-n limit of equation (7), we discuss each case sepa-

rately and then sum them up to get the leading term of the limit.

Case I:

|7;1—Z'2‘ = ‘i2—13| = |i3—7;4‘ = |i4—i1| =m

10



where m =0,1,2,....n —1

Under this case, equation (7) can be expressed as:

1 n
- D X, X X, Xii,] + BIXG 0, X, JE[ X3, X,

i ia=1
+ E[Xiliinﬂl]E[XizigXi3i4]
n—1
1 1 1 1 1 1 1
YRR LRI LR
n " n n n n n n
n—1
1 1
=3.2._. E[Y?2]?
LS
11 )

_ (%)n (8)

Asn — oo, O (%) — 0. Therefore, this case does not contirbute to the

leading term of the convergence.

Case II:

i1 — dg| = |ig — 13| # |is — 14| = |14 — 01|

We change the absolute value into positive and negative cases:
i1 —ig = t(ig — i3) # i3 — iy = £(ig — i1)

The reason why we do this change is that we want to convert the relation
between the indices into a system of equations. Then we now reduce the
matrices which consist of the coefficients of the system to get the rank or
nullity of the matrices. This value will give us the leading order under each
case, so that we can tell the indices under which case will contribute to the

leading term in the limit.

There are three possible subcases:
IT.1: (both equations are with positive sign)

i1 — iy = +(ig — i3)
2.3 — i4 - —|—(Z4 - Zl)
IT1.2: (one of equations is with positive sign)
11— 19 = +(i2 — ig)
i3 — ig = —(ig — i1)

11



or
ih — ig = —(ig — i3)
i3 — iy = +(iqg — 11)

The reason these two cases are put together is that there are only two rows

in the coefficients matrices, where one matrix can be acquired by changing

the order of another matrix’s row.
I1.3: (both equations are with negative sign)

i1 — iy = —(ig — i3)

i3 — iy = —(ig — 17)

Then, we convert the system of equations into coefficient matrices and
solve the rank or nullity of the matrices.
II.1: :
Moving all the terms to the left side of the equation, we have the following

matrix equation:

11

1 -2 1 0| [ia| |0
1 0 1 =2 i3] |0

14

Then, we have the coefficient matrix:

1 =21 0
1 0 1 =2
By reduction and calculation, the rank is 2 and nullity is 4 — 2 = 2.

The nullity of the matrix gives us the dimension of the null space, then
we have the number of solutions. When we have the order of number of the
solutions, we can justify whether the case contribute to the limit’s leading

term to prove proposition 2.

I1.2:
Similarly, we have
1
L0 —10f e |0
10 —2 1] [iz] |0
[ 14]

12



The coefficient matrix is:
10 —-10
10 -2 1

whose rank is 2 and nullity is 4 — 2 = 2.

11.3: :

In this case, i3 and i4 are canceled in the equation, it gives 1; = i3.

11

10 -1 0] [i2| |0
10 =1 0| |ig| |0

14

Therefore, we have three free parameters:
Z.la i27 7:4
The nullity of the coefficient matrix is 3.

Under this case, because of the property of i.i.d random variables,

E[XiliQXigu]E[Xi2i3Xi4i1] = E[XZNQ]E[X2223]E[XZ324]E[XZ471] =0

and

E[Xiliinﬂl]E[Xi Xi3i4] - E[Xlllz]E[Xlzlzs]E[Xl ]E[Xi4i1] =0

213 314

Then, equation (7) can be expressed as:

= Y BX0, X JE X, X ] + BIXG0, X,JE[ X i, X

+ E[XZ Xi4i1]E[Xi2i3Xi3i4])

:—-Z(%%-E[Yé]%OJrO)

n—1

e S BV

172

n—1

m=

0
5+ (0(n*) + On?))

:1+O(%> (9)

Only in II.3, the nullity of the coefficient matrix is 3. This case gives
O(n®) in the calculation above. As n — oo, O (1) — 0. The leading term
is contributed by the II.3, under which, both of the coefficient equations are

13



using the negative sign.

Case III:

iy — io| = |iz — d4| # |iz — i3] = [ig — 1]

We change the absolute value into positive and negative cases:

iy — iy = +(ig — iy) # do — i3 = +(is — i1)

There are three possible subcases as well:

ITI.1: (both equations are with positive sign)

i1 —i9 = +(ig — i4)

i2 — i3 — +(Z4 — Zl)

IT1.2: (one of equations is with positive sign)

il — ’ig - +(23 - 24)

19 — 13 = —(i4 — il)
or

i1 — 9 = —(ig — i4)

ig — i3 - ‘|‘(Z4 - 21)

IT1.3: (both equations are with negative sign)

i1 —ig = —(ig — i4)

ig — i3 = —(ig — 11)

Similarly, in ITI.1 and III.2 the rank of the matrix is 2 and nullity is 2,
but under II1.3 gives that the rank of the matrix is 1 and nullity is 3.

Therefore, under Case III, because of the property of i.i.d random vari-

ables,

B X 11, X igia B[ Xy, Xy ] = B[ Xy
and

Bl X 11, Xy B[ Xiyiy Xigi] = B[ Xy

14

]E[Xizl?,] [

]E[Xizlfs] [



Then, equation (7) can be expressed as:

n

1
ﬁ Z E[XhlzXlzls]]E[X2324XZ4Z1]+E[X2112X2324 1213
1 5eestg=1
+E[ 112 2421]E[X1213X2324]
n—1
1 1
=Y (04—~ E[¥;P)
n n n
m=0
n—1
11 2
w2 B
1 1
=~ - (0(*) + O(n”))
1
1+ o()
n

JE X iy X

(10)

Same as Case I, only under II1.3, the nullity of the coefficient matrix is 3,
which gives O(n?). As n — oo, O (2) — 0. The leading term is contributed

by III.3, under which, both of the coefficient equations are using the negative

sign.
Case IV:

iy — io| = |ig — 1| # |ia — i3] = |3 — i4]

We change the absolute value into positive and negative cases:

i1 —lg = £(ig — 11) #ig — i3 = £(ig — 1y)

There are three possible subcases as well:

IV.1: (both equations are with positive sign)

il — i2 - ‘|—(Z4 - ’&1)

ig — i3 — +(23 — 14)

IV.2: (one of equations is with positive sign)

4
11— 19 = +(i4 — il)
\iz — i3 = —(i3 — i4)

or
(

i1 — iy = —(ig — 11)

\7:2 — ig — +(23 — 24)

15



IV.3: (both equations are with negative sign)
i — iy = — (i — i1)
iy — i3 = — (i3 — 14)

Similarly, in IV.1 and IV.2 the rank of the matrix is 2 and nullity is 2,
but under IV.3 gives that the rank of the matrix is 1 and nullity is 3.

Therefore, under Case IV, because of the property of i.i.d random vari-
ables,

E[ 1112 2213]E[X13Z4XZ421]_E[Xhiz]E[Xizlg] [ 2324]E[X%411]_0

and
E[ 1112 2324]E[X1223X2421] - E[Xhlz]E[XZzZs]E[ 2314]E[XZ4Z1] =0

Then, equation (7) can be expressed as:

1 n
= Z E[X1122Xl2l3]]E[XZ3Z4Xl4@1]+E[X XZ3Z4]E[X Xi

i1i2 igi3 Z411]
n.

1] 5eeny i4—1
+E[ 1112 2411]E[XZ213X23Z4]
n—1
1 1 1
== 30+~ B
n 0 n n
n—1
1 1
S
n n? 0
1 1
:___ 0] 3 2
— . (0(n*) + O(?))
1
=140 11
(n) (1)

Same as Case II, only under IV.3, the nullity of the coefficient matrix is 3,
which gives O(n?). As n — oo, O () — 0. The leading term is contributed
by IV.3, under which, both of the coefficient equations are using the negative

sign.

Now, we finish discussing all the cases and sum equation (8), (9), (10),
(11) up, then

16



1 1 <
EETT[Xﬂ == D E[Xiiy Xigia B[ X i, Xigir] + E[Xii, Xt JE[ X, X
iy rig=1

+ E[XG 0, Xy JB[ XGyi, X
1 1 1 1
(o) (=0 () = (+0() (o))
n n n n
1
—340 (_)
n
Asn — oo, O (%) — 0. The leading term 3 is contributed by II.3, II1.3 and

IV.3, under which, both of the coefficient equations are using the negative

sign.

3.2 Proof

Proof. Recall the equation:

n

1 1
EETY[X%] = D ELXG X Xig i) (12)

= % Z Z H ]E[Xia,ia+1Xi,B,iﬁ+l] (13)
1
n

T yeees torp=1 71'6772(2]{}) {Oé,ﬂ}eﬂ'

- — - P(n) (14)

— . P(n) (15)

where P(n) is a polynomial function of n and
i — tat1] = lig — ipt1]

We need to find what relation between the indices will give O(n**1) which

can be canceled with # and contribute to the leading term of the conver-

gence.

Based on the idea in Example 3.1, we separate the relation between in-

dices into several cases.

o All {o, 8} in 7 satisfy in11 = ip

o Part of the {«, 8} in 7 satisty iq41 = i3

17



o All {o, 8} in 7 satisfy a1 # ip

The reason why cases depend on whether 4,41 = i3 is that the cancellation
of the terms in the system of equations might affect the rank of corresponding

coefficient matrices.

Case I: All {a, 8} in 7 satisty i1 = ig.

We change the absolute value into positive and negative cases as we did
in Example 3.1:
i — a1 = £(i5 — ign)

1: : All of {«, 5} take the positive sign, i.e. iy — in+1 = +(ig — ip41)

When all the index equations use positive sign, we have the following

matrix equation:

_ ) -
] I o
1 =21 0 0 0 , 0
1

0 0 1 -2 1 0 1o
1 0 0 0 o 1 2™ o
T2k o

Now. we have a k X 2k matrix of coefficients

(1 -2 1 0 0 0]
o o 1 -2 1 ... 0

By reducing the matrix, the rank is k, then the nullity is 2k — k = k.

Then equation (12) can be expressed as:

1
~ETy (X% =

g E 1,19 22?3 XiQk,il]

1
o Z Z H E[Xi, i Xipig)
1

il ~~~~~ iok=1 1€Py(2k) {a,8}ET

— - O(n")
e

18



As n — oo, the result does not contribute to the leading term.

I.2: : Some equations use positive sign and others use negative sign, i.e

lo — ia+1 = ‘i‘(iﬁﬂ - i5)7 1o — ia+1 = —(iﬂ+1 - iﬁ)

Assume the number of negative index equations is j, which means j of k
index equations have the form i, —i,41 = +(ig+1 — ig) where iq41 = ig. The

coefficients of indices with this form can be written as a (k — j) X 2k matrix:

1 =221 0 0 ... O
o o0 1 -2 1 ... 0

1 0 0 0 0 1 -2

By reducing this matrix, the dimension of null space of this matrix is
k — 7. Then, adding on j free parameters which are canceled by satisfying

la+1 = %4, the nullity equals to k.

Therefore, we have

lETr[X%] =0 (1) (17)

n n

which does not contribute to the leading term, either.

I.3: All the signs are negative i.e. iq — iq41 = —(ig — ig41)

The number of pairs («, 3) is k, therefore there are k equations of indices.
Since 7441 = %, then i, = igy1. There are k free parameters because of
ia+1 = tg. All the 7 left are all equal to each other, which can be seen as
one signle free parameter. Therefore, the total number of free parameters is
k + 1, that is the nullity is k£ + 1.

Then, equation (12) can be re-written as:

1
ETI XQk] = — Z E i1,00 12 i3° Xizk-,il]

217 712k 1

1 n
LI IR S | LRI
Ty eybop=1 7TEP2(2]€) {OK,B}EW
11 k1
== O(nF1)
= O(1) (18)

19



Case II: Part of the {«, 3} in 7 satisfy i,+1 = i
Under this case, we will discuss three same subcases in Case 1.
IT.1: : All the signs are positive i.e. iq —iq+1 = +(ig — ig41)

Since there is no negative case, no index can be canceled from the equa-
tion. Therefore, a k x 2k coefficient matrix can be derived. After reducing

the coefficients’ matrix, the rank is still k. We will have

%ETI’[X%] =0 (1) (19)

n
which does not contribute to the leading term of the convergence.
I1.2: : Some equations use positive sign and others use negative sign, i.e

ia - ia+1 — +(Zﬂ - 7:5+1), ia - Z.a+1 - —(25 - Zﬂ —|— 1)

Assume there are j pairs of {«, 8} in 7 satisfy i1 = ig. Three are three

possibilities:
o All of these j pairs satisfy iq, —iq41 = —(ig —ig+ 1)
e Some of these j pairs satisfy i, — ia11 = —(ig —ig + 1)
e None of these j pairs satisfy i, — iq41 = —(ig —ig + 1)

Under the first possibility, j pairs of terms can be regarded as j free param-
eters and be canceled out from the equations. The left indices’ coefficients
construct a (k — 7) x 2k matrix which has (k—j+ 1) dimention of null space.
Thus, there are k+1 free parameters.

Then, we have

%ETr[X%] =0(1) (20)

Under the left two possibilities, there are less than j free parameters which
can be canceled out from the equations, so the nullity of the matrices is less
than k+41. In other words, we will get

n

1 1
~ETr[X*] = O (—) (21)
n

which does not contribute to the leading term under these two possibilities.

I1.3: All the signs are negative i.e. iq — ia11 = —(ig — i3+1)
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Two situations will happen under this case. The first one is although there
exist negative equation, there is no cancellation of the indices. This situation
is the same as II.1(All the signs are positive i.e. iy — iar1 = +(ig — i5+1)).
Therefore, we have LETr[X?"] = O ().

The second one is that there exists cancellation of the indices. The indices
which are canceled can be regarded as free parameters. There is no pattern

of coefficients’ matrix, so we check the signs of the indices.

Different from II.2, the signs of the same indices in different equations
are not the same. Besides the cancellation caused by the negative situa-
tion, no more terms will be canceled. Therefore the rank of the matrix will
larger than 2k — kK — 1 = k — 1, which means there are less than k£ + 1 free
parameters, so the result of ZETr[X?*] cannot contribute to the leading term.

Case III: All (o, 8) in 7 satisfy ia41 # ip.

ITI.1: : All the signs are positive i.e. iy — to+1 = +(ig — i541)
II1.2: : Some equations use positive sign and others use negative sign, i.e

lo — ia+1 = ‘i‘(iﬂﬂ - i5)7 Lo — Z'oz+1 = —(iﬂ+1 - iﬂ)

Under both of the III.1 and III.2, the signs before same two indices are
not always different. It means that the rank will be bigger than k£ — 1, hence,
the nullity is less than 2k — k = k and we cannot get equation (19).

ITI.3: All the signs are negative i.e. iy —iq41 = —(ig — ip11)

After moving all the index in the equations to the left hand sides, the
signs before same two indices are different, or we can say each 7, — 7,41 and
ig+1 — 15 equals to each other. It means one row of the k x 2k coefficients’
matrix will have all 0, then the rank of the matrix is k — 1. Thus, the number

of the free parameters is k+1.Then, we have

%ETI‘[X%] — o(1) (22)

According to the cases discussed above, we sum equation (16), (17), (18),
(19), (20), (21), (22) under each case together. Then,
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n

1 .1
lim EETr[X%] = 7}1_{{)105 Z 1E[Xi17i2Xi27i3"'Xi2k7i1]
1155 02k=
ZJLIEOE Z Z H E o lat1 lﬂ 1/3+1]
11,02k =1 m1€Py(2k) (a,B)ET
1 1
_ - I\ (L
nlgan o - (2k — DN 4+ O(nk)
1
— — 1. N3 —
(2% = 1!+ lim (1+0(=))
— (2k — 1)

The reason why the answer to this equation is (2k — 1)!! is due to Defini-
tion 3 — the number of all pairings of {1,2,...,2k} integers, i.e., #P>(2k) =
(2k — 1)L

We can see that equation (18), (20), (22) under the negative cases have
O(n**1), which finally canceled out with the #, contributing to the leading
term of the results.

]
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