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2 � L(u, du) =
1

2

(@0u)
2
+

1

2

nX

k=1

(@ku)
2
+ U(u),

@0T
0
0 (u) +
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(i) D↵ · (fZ) = fD↵ · Z;
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F = dA+A ^A = dA+

1

2

[A ^A],

[·, ·]

� 2 �(E)

F� = D2� = (d+A ^)(d+A)� = (d+A ^)(d� +A�)

= d2� + d(A�) +A ^ d� +A ^A�

= 0 + (dA)� + (�1)A ^ d� +A ^ d� +A ^A�

= (dA+A ^A)�.



F = dA+A ^A

A ^A = A↵A�dx
↵ ^ dx� =

1

2

(A↵A� �A�A↵)dx
↵ ^ dx� =

1

2

[A ^A].

A^A 6= 0

DF = 0

F ⌦

0
(M,E)

⇤ ⌦ ⌦2
(M,E)

⌦

0
(M,E)

⇤ ⌦⌦k
(M,E) D

D⌘ = d⌘ + [A ^ ⌘]

(E,⇡,M) G
M G

G

G

g
A 2 �(g⌦ T ⇤M) = ⌦

1
(M |g)

SYM [A] := �
Z

M

tr0(FA ^ ?FA),

tr0 g
FA := dA +

1
2 [A ^ A] [·, ·]

g
E

dh↵,�iE = hD↵,�iE + h↵, D�iE
Z 2 TM,A · Z

d⇤ d
D �

R
M

tr0( ^? )

D⇤
:= d⇤ +Ay.



D⇤FA = 0.

0 = �SYM [A] ·B =

Z

M

�1L(A, dA) ·B + �2L(A, dA) · dB

L(A, dA) = �tr0(FA ^ ?FA) = �tr0((dA+

1

2

[A ^A]) ^ ?(dA+

1

2

[A ^A]))

= �tr0(dA ^ ?dA+ dA ^ ?[A ^A] +

1

4

[A ^A] ^ ?[A ^A]).

�1L(A, dA) ·B =

d

d✏

���
✏=0

L(A+ ✏B, dA)

= � d

d✏

���
✏=0

tr0
⇣
dA ^ ?dA+ dA ^ ?[(A+ ✏B) ^ (A+ ✏B)]

+

1

4

[(A+ ✏B) ^ (A+ ✏B)] ^ ?[(A+ ✏B) ^ (A+ ✏B)]

⌘

= �tr0
⇣
dA ^ ?([B ^A] + [A ^B]) +

1

4

[A ^A] ^ ?(2[B ^A] + 2[A ^B])

⌘

= �tr0
⇣
(dA+

1

2

[A ^A]) ^ ?([B ^A] + [A ^B])

⌘

= �2 tr0
⇣
FA ^ ?[A ^B]

⌘
,

[A ^ B] =

[B ^ A]

�2L(A, dA) · dB =

d

d✏

���
✏=0

L(A, dA+ ✏dB)

= � d

d✏

���
✏=0

tr0
⇣
(dA+ ✏dB) ^ ?(dA+ ✏dB) + (dA+ ✏dB) ^ ?[A ^A] +

1

4

[A ^A] ^ ?[A ^A]

⌘

= �tr0
⇣
2 dA ^ ?dB + [A ^A] ^ ?dB

⌘
= �2 tr0

⇣
(dA+

1

2

[A ^A]) ^ ?dB
⌘
= �2 tr0(FA ^ ?dB).

D B

0 =

Z

M

�1L(A, dA) ·B + �2L(A, dA) · dB = �2

Z

M

tr0
⇣
FA ^ ?(dB + [A ^B])

⌘

= �2

Z

M

tr0(FA ^ ?DB) = �2

Z

M

tr0(D⇤FA ^ ?B).

B D⇤FA = 0



J 2 ⌦1
(M |g)

SYM [A] =

Z

M

�tr0
⇣
1

2

FA ^ ?FA �A ^ ?J
⌘
,

D⇤FA = J

S[A, ] =

Z

M

�k tr0(FA ^ ?FA) + (D )† ^ ?(D )�m2
 

† ^ ? ,

k A
 

D⇤D �m2
 = 0

A � A0
= �·A

�

 G

G (� ·A,� ·  ) (A, )



u 2 V �J(u) · v = 0 8v 2 V
V J V

Vh ⇢ V uh 2 Vh

�J(uh) · v = 0 8v 2 Vh

limh!0 Vh = V
h ! 0

h

M u 2 V (M)

A(u, v) = L(v) 8v 2 V (M) V (M) M
f : M ! Mh

Mh

Vh(Mh) ⇢ V (M)

u 2 H2
0 (M) r2u = �f

f 2 L2
(M)

v 2 H1
0 (M) M



u 2 H1
0 (M)

A(u, v) :=

Z

M

ru ·rv vol =

Z

M

fv vol =: L(v) 8v 2 H1
0 (M).

{�j}
uh =

P
j cj�j v = �k

X

j

cj

Z

Mh

r�j ·r�k vol =

Z

Mh

f�k vol.

K = (

R
r�j · r�k vol)jk ~c = (cj)j ~f = (

R
f�k vol)k

K~c = ~f.

K ~c =

K�1 ~f uh =

P
j cj�j

V (M) = H⌦(M)

⌦h(Mh) ⇢ H⌦(M)

⌦

k
h ⇢ H⌦k

d⌦k
h ✓ ⌦k+1

h

⇧h : H⌦ ! ⌦h

dk � ⇧k
h = ⇧

k+1
h � dk

0

// H⌦0

⇧h
✏✏

d
// H⌦1

⇧h
✏✏

d
// ...

d
// H⌦n

⇧h
✏✏

//

0

0

//

⌦

0
h

d
//

⌦

1
h

d
// ...

d
//

⌦

n
h

//

0

⌦

k
h
⇠
=

Bk
h �B⇤k

h � Hk
h.



kth

k

r Pr⇤
k

P�
r ⇤

k
= {! 2 Pr⇤

k | ! 2 Pr⇤
k�1} 

f : M ! Kh

⌦

k
h(M) = Pr⇤

k
(Kh) P�

r ⇤
k
(Kh)

� 2 Kh

Pr⇤
k
(Kh) = {! 2 H⌦k | !|T 2 Pr⇤

k 8� 2 Kh},
P�
r ⇤

k
(Kh) = {! 2 H⌦k | !|T 2 P�

r ⇤
k 8� 2 Kh}.

S : V ! R

�S[u] ·v = 0 8 v 2 V



S[u] =
R
M

L(u, du, d⇤u)
^ ? v

M d d⇤

u 2 H⌦k \ ˚H⇤
⌦

k

v 2 H⌦k \ ˚H⇤
⌦

k

0 =

Z

M

@1L(û) ^ ?v + @2L(û) ^ ?dv + @3L(û) ^ ?d⇤v

= (@1L(û), v)L2⌦k + (@2L(û), dv)L2⌦k+1 + (@3L(û), d⇤v)L2⌦k�1 ,

û := (u, du, d⇤u)
�S[u] · v = 0

Hk

q 2 Dk ⇢ Hk
⌦

Dk

p 2 H⌦k�1 �
d⇤u

¯S[u,�, p̄, q̄] =

Z

M

L(u, du,�)� � ^ ?p̄+ u ^ ?dp̄+ u ^ ?q̄.

¯S

(u,�, p̄, q̄) 2 H⌦k ⇥H⌦k�1 ⇥H⌦k�1 ⇥Dk

(@1L(û�), v) + (@2L(û�), dv) + (dp̄, v) + (q̄, v) = 0, 8 v 2 H⌦k,

(@3L(û�), ⌧)� (p̄, ⌧) = 0, 8 ⌧ 2 H⌦k�1,

(�, p)� (u, dp) = 0, 8 p 2 H⌦k�1,

(u, q) = 0, 8 q 2 Dk,

û� := (u, du,�)

H⌦ D
H⌦k \ ˚H⇤

⌦

k

du



¯S[u,�d,�d⇤ , pd, pd⇤ , q] =

Z

M

L(u,�d,�d⇤
)+(du��d)^?pd��d⇤^?pd⇤

+u^?dpd⇤
+u^?q.

H⌦ ⌦h ⌦h

M Dk Dk
h := ⇧

k
hD

k

(uh,�h, p̄h, q̄h) 2 ⌦k
h ⇥ ⌦k�1

h ⇥ ⌦k�1
h ⇥Dk

h

(@1L(û�h), v) + (@2L(û�h), dv) + (dp̄h, v) + (q̄h, v) = 0, 8 v 2 ⌦k
h,

(@3L(û�h), ⌧)� (p̄h, ⌧) = 0, 8 ⌧ 2 ⌦k�1
h ,

(�h, p)� (uh, dp) = 0, 8 p 2 ⌦k�1
h ,

(uh, q) = 0, 8 q 2 Dk
h,

û�h := (uh, duh,�h)

S[u] =

R
M

L(u, du, d⇤u)
uh

�S[u] · v = 0

⇤M

S[u1, ..., un]

•

•



J(u) u
J(u) dJ(u) = 0

uh

dJ(uh) ⇡ 0

dJ(uh) k · kH�⇤⌦k

k !

k!kH�⇤⌦k := sup

v2H⇤⌦k\{0}

(!, v)L2⌦k

kvkH⇤⌦k

.

u 2 ⌦k

M X
k@2L(u, du, d⇤u)kL2⌦k+1 k@3L(u, du, d⇤u)kL2⌦k�1

k ˜X(u)kL2⌦k uh u

kdJ(uh)kH�⇤⌦|M|  C
h
kK(uh)�K(u)kL2⌦|M|�1 + k ˜X(uh)� ˜X(u)kL2⌦k

+

⇣
1 + k ˜X(uh)� ˜X(u)kL2⌦k

⌘⇣
k@3L([uh])� @3L([u])kL2⌦k�1 + k@2L([uh])� @2L([z])kL2⌦k+1

⌘i
,

C uh K J
|M | := dim(M) [u] := (u, du, d⇤u) [uh] := (uh, duh, d

⇤uh)

u 1.4.2
X J(u) dJ(u) = 0

kdJ(uh)kH�⇤⌦|M| = kdJ(uh)� dJ(u)kH�⇤⌦|M| = kd
�
J(uh)� J(u)

�
kH�⇤⌦|M| .

v 2 H⇤
⌦

|M |

(d
�
J(uh)� J(u)

�
, v)L2⌦|M| =

Z

@M

h
(J(uh)� J(u)) ^ ?v

i
+ (J(uh)� J(u), d⇤v)L2⌦|M|�1

 kJ(uh)� J(u)kL2⌦|M|�1(kvkL2⌦|M| + kd⇤vkL2⌦|M|�1)  2kJ(uh)� J(u)kL2⌦|M|�1kvkH⇤⌦|M| .



H�⇤

kdJ(uh)kH�⇤⌦|M| = kdJ(uh)� dJ(u)kH�⇤⌦|M|  2kJ(uh)� J(u)kL2⌦|M|�1 .

J

1

2

kdJ(uh)kH�⇤⌦|M|  kK(uh)�K(u)k+ k ˜X(uh) ^ ?@2L([uh])� ˜X(u) ^ ?@2L([u])k

+ k@3L([uh]) ^ ? ˜X(uh)� @3L([u]) ^ ? ˜X(u)k
 kK(uh)�K(u)k+ k( ˜X(uh)� ˜X(u)) ^ ?@2L([u])k+ k ˜X(uh) ^ ?(@2L([uh])� @2L([u]))k

+ k@3L([u]) ^ ?( ˜X(uh)� ˜X(u))k+ k(@3L([uh])� @3L([u])) ^ ? ˜X(uh)k,

L2

ku ^ ?vk  C 0kukk?vk C 0

1

2

kdJ(uh)kH�⇤⇤|M|  kK(uh)�K(u)k+ C1

⇣
k ˜X(uh)� ˜X(u)k

+ k ˜X(uh)k
�
k@3L([uh])� @3L([u])k+ k@2L([uh])� @2L([u])k

�⌘

 kK(uh)�K(u)k+ C1

⇣
k ˜X(uh)� ˜X(u)k

+ (k ˜X(u)k+ k ˜X(uh)� ˜X(u)k)
�
k@3L([uh])� @3L([u])k+ k@2L([uh])� @2L([u])k

�⌘

 kK(uh)�K(u)k+ C2

⇣
k ˜X(uh)� ˜X(u)k

+

�
1 + k ˜X(uh)� ˜X(u)k

��
k@3L([uh])� @3L([u])k+ k@2L([uh])� @2L([u])k

�⌘
.

C = 2max{1, C2}

uh ! u dJ(uh) ! 0

kJ(uh)�J(u)kH⌦|M|�1

u

@2L @3L

kdJ(uh)kH�⇤⌦|M| C
h
kK(uh)�K(u)k+ k ˜X(uh)� ˜X(u)k

+ (1 + k ˜X(uh)� ˜X(u)k)(kduh � duk+ kd⇤uh � d⇤uk)
i
.

du d⇤u



v

X M X
S : ⌦

kM ! R K : ⌦

kM !
⌦

|M |�1M

S0
[�] · ˜X(�) =

Z

M

dK(�).

M

X
S : ⌦

kM ! R u 2 V := H⌦k \ ˚H⇤
⌦

k

0 =

Z

M

@1L(û) ^ ? ˜X(u) + @2L(û) ^ ?d ˜X(u) + @3L(û) ^ ?d⇤ ˜X(u)� dK(u),

0 =

Z

M

@1L(û)^?(I�PV )
˜X(u)+@2L(û)^?d(I�PV )

˜X(u)+@3L(û)^?d⇤(I�PV )
˜X(u)�dK(u),

PV V û := (u, du, d⇤u)
u

0 =

Z

M

d
h
˜X(u) ^ ?@2L(û)� @3L(û) ^ ? ˜X(u)�K(u)

i
.

S0
[u] · ˜X(u)

S0
[u] · v

���
v=X̃(u)

� S0
[�] · ˜X(�)

���
�=u

= 0.

u
v 2 V v = PV

˜X(u)

u

M J
dJ(u) = 0



X

q 2 Dk

¯S0
[�, ⌧, p, q] · ˜X(�, ⌧, p, q) =

Z

M

dK(�, ⌧, p)+ ˜X(�)^?q+�^? ˜X(q), 8 (�, ⌧, p, q).

(uh,�h, p̄h, q̄h)

0 =

Z

M

h
� dK(uh,�h, p̄h) + @1L(û�h) ^ ?(I � P k

h )
˜X(uh) + @2L(û�h) ^ ?d(I � P k

h )
˜X(uh)

� q̄h ^ ?P k
h
˜X(uh) + @3L(û�h) ^ ?(I � P k�1

h )

˜X(�h)� p̄h ^ ?(I � P k�1
h )

˜X(�h)

+ uh ^ ?d(I � P k�1
h )

˜X(p̄h)� �h ^ ?(I � P k�1
h )

˜X(p̄h)
i
,

û�h := (uh, duh,�h) P k
h := P⌦k

h

¯S0
(uh,�h, p̄h, q̄h) · ˜X(uh,�h, p̄h, q̄h)

2.3.4 v = P k
h
˜X(uh) ⌧ = P k�1

h
˜X(�h) p = P k�1

h
˜X(p̄)

X

¯S0
[�, ⌧, p, q] · ˜X(�, ⌧, p, q) =

Z

M

dK(�, ⌧, p, q), 8 (�, ⌧, p, q),

�q̄h^?P k
h
˜X(uh)

q̄h ^ ?(I � P k
h )

˜X(uh) + uh ^ ?(I � PDk
h
)

˜X(q̄h)

S0
[u] · v

v =

˜X(u)

˜X(uh,�h, p̄h, q̄h) 62 ⌦k
h ⇥ ⌦k�1

h ⇥ ⌦k�1
h ⇥Dk

h



u(t) 2 ⌦kR

S[u] =

Z
dt

Z

R

L(u, u̇, du, d⇤u),

R
�S = 0

@L
@u

� d

dt

@L
@u̇

+ d⇤
@L
@(du)

+ d
@L

@(d⇤u)
= 0.

⇡ :=

@L
@u̇

.

u̇
u̇(u,⇡, du, d⇤u) H(u,⇡) 2 ⌦dim(R)R

H(u,⇡) = ⇡ ^ ?u̇(u,⇡, du, d⇤u)� L(u, u̇(u,⇡, du, d⇤u), du, d⇤u),

u ⇡

⇡̇ = ��H
�u

, u̇ =

�H
�⇡

,

@

�

�z
:=

@

@z
+ d⇤

@

@(dz)
+ d

@

@(d⇤z)
.

⇡

�H
�⇡

=

@H
@⇡

= u̇+ ⇡
@u̇

@⇡
� @L
@u̇

@u̇

@⇡
= u̇+ ⇡

@u̇

@⇡
� ⇡

@u̇

@⇡
= u̇.

�H
�u

= ⇡
�u̇

�u
�@L
@u̇

�u̇

�u
��L
�u

= ��L
�u

= �
⇣@L
@u

+d⇤
@L
@(du)

+d
@L

@(d⇤u)

⌘
(i)
= � d

dt

@L
@u̇

= �⇡̇,



(i)

0 =

�H
�u

+ ⇡̇ = ��L
�u

+

d

dt

@L
@u̇

= �
⇣@L
@u

+ d⇤
@L
@(du)

+ d
@L

@(d⇤u)
� d

dt

@L
@u̇

⌘
.

T ⇤
(⌦

kR)

k

(uh(t),�h(t), p̄h(t)) 2 ⌦k
h ⇥ ⌦k�1

h ⇥ ⌦k�1
h t

(@1L(û�h(t)), v)� (

d

dt
@2L(û�h(t)), v) + (@3L(û�h(t)), dv) + (dp̄h(t), v) = 0, 8 v 2 ⌦k

h,

(@4L(û�h(t)), ⌧)� (p̄h(t), ⌧) = 0, 8 ⌧ 2 ⌦k�1
h ,

(�h(t), p)� (uh(t), dp) = 0, 8 p 2 ⌦k�1
h ,

û�h(t) := (uh(t), u̇h(t), duh(t),�h(t))

�h p̄h
uh

⇡̇i = �
ˆ�Hh

ˆ�ui
, u̇i

=

ˆ�Hh

ˆ�⇡i
,



⇡i, u
i

ˆ�/ˆ�zi Hh

⌦h

{'µ
k�1}µ ⌦

k�1
h {'µ

k}µ ⌦

k
h uh(t) =

uµ
(t)'µ

k �h(t) = �µ
(t)'µ

k�1 p̄h(t) = p̄µ(t)'µ
k�1

v = '↵k , ⌧ = '�k�1, p = '�k�1

(@1L,'↵k )� (

d

dt
@2L,'↵k ) + (@3L, d'↵k ) + p̄µ(d'µ

k�1,'
↵
k ) = 0,

(@4L,'�k�1)� p̄µ('µ
k�1,'

�
k�1) = 0,

�µ
('µ

k�1,'
�
k�1)� uµ

('µ
k , d'

�
k�1) = 0,

L (uh, u̇h, duh,�h) M :=

('i
k�1,'

j
k�1)

j
i Z := (d'i

k�1,'
j
k)

j
i

~F1 := (@1L,'↵k )↵ ~F3 :=

(@3L, d'↵k )↵ ~F4 := (@4L,'�k�1)
�

~F1 � (

d

dt
@2L,'↵k )↵ +

~F3 + Z ~̄p = 0,

~F4 �M ~̄p = 0,

M~� � ZT~u = 0.

M
~̄p

�h uh ~� = M�1ZT~u
�h p̄h

~F1 � (

d

dt
@2L,'↵k )↵ +

~F3 + ZM�1 ~F4 = 0,

(uh, u̇h, duh,�h(uh)) �h(uh) = (M�1ZT~u)i'
i
k�1

⇡h := @2L
⇡h = ⇡i'

i
k

⇧i := (⇡h,'
i
k) = (@2L,'i

k) U i
:= (uh,'

i
k)

Hh :=

⇣
u̇(u,⇡) ^ ?⇡ � L(u, u̇(u,⇡), du,�h(u))

⌘

u 7!uh,⇡ 7!⇡h

.

uh ⇡h
U i

⇧i

W i
:= (w,'i

k) F = F (w, ẇ, dw, d⇤w)

ˆ�F

ˆ�W i
:= (

@F

@w
,'i

k) + (

@F

@(dw)
, d'i

k) +

⇣
ZM�1

(

@F

@(d⇤w)
,'�k�1)

�
⌘i���

d⇤w 7!�h(w)
.



Hh ⇡

ˆ�Hh

ˆ�⇧i

= (

@Hh

@⇡
,'i

k) = (u̇h,'
i
k) + (⇡h

@u̇h

@⇡
,'i

k)� (

@L
@u̇

@u̇

@⇡
,'i

k)

= (u̇h,'
i
k) + (

@u̇h

@⇡
⇡h,'

i
k)� (⇡h

@u̇h

@⇡
,'i

k) = (u̇h,'
i
k) =

d

dt
(uh,'

i
k) =

˙U i,

ˆ�Hh

ˆ�U i
= (

@Hh

@u
,'i

k) + (

@Hh

@(du)
, d'i

k) + ZM�1
⇣
(

@H
@(d⇤u)

,'�k�1)
�
⌘i���

d⇤u 7!�h(uh)

= (⇡h
@u̇h

@u
,'i

k))� (

@L
@u̇

@u̇h

@u
,'i

k)� (

@L
@u

,'i
k)� (

@L
@(du)

, d'i
k)� ZM�1

⇣
(

@L
@(d⇤u)

,'�k�1)
�
⌘i���

d⇤u 7!�h(uh)

= �(

@L
@u

,'i
k)� (

@L
@(du)

, d'i
k)� ZM�1

⇣
(

@L
@(d⇤u)

,'�k�1)
�
⌘i���

d⇤u 7!�h(uh)

= �(@1L,'i
k)� (@3L, d'i

k)� ZM�1
⇣
(@4L,'�k�1)

�
⌘i

= �(

~F1 +
~F3 + ZM�1 ~F4)

i
= �(

d

dt
@2L,'i

k) = � d

dt
(⇡h,'

i
k) = � ˙

⇧i,

⇡ = @L/@u̇ ⇧i = (⇡h,'
i
k) = ⇡j

('j
k,'

i
k)

U i ~
⇧ = M 0~⇡ ~U = M 0~u M 0

= ('j
k,'

i
k)

i
j

u̇i
= (M 0�1

)

i
j
˙U j

= (M 0�1
)

i
j

ˆ�H
ˆ�⇧j

=:

ˆ�H
ˆ�⇡i

,

⇡̇i
= (M 0�1

)

i
j
˙

⇧j = �(M 0�1
)

i
j

ˆ�H
ˆ�U j

= �
ˆ�H
ˆ�ui

.

⌦h

(u̇,'i
k)

���
⌦h

= (

�H
�⇡

,'i
k)

���
⌦h

= (

@H
@⇡

,'i
k)

���
⌦h

=

ˆ�Hh

ˆ�⇧i

,

(⇡̇,'i
k)

���
⌦h

= (

�H
�u

,'i
k)

���
⌦h

= �
⇣
(@uL,'i

k) + (d⇤@duL,'i
k) + (d@d⇤uL,'i

k)

⌘���
⌦h

= �
⇣
(@1L,'i

k) + (@3L, d'i
k) + (@4L, d⇤'i

k)

⌘���
⌦h

= �
⇣
(

~F1)
i
+ (

~F2)
i
+ (@4L, d⇤'i

k)

⌘

⇠
=

�
⇣
~F1 +

~F2 + ZM�1 ~F4

⌘i

=

ˆ�Hh

ˆ�U i
,

(@4L, d⇤'i
k)

i ⇠
=

ZM�1 ~F4



T ⇤
(⌦

k
hR)

T ⇤
(⌦

kR)

R2N

J
dJ = 0

@t⇢ + r · J = 0

˙Q(t) =
0 tn

Qn+1
= Qn.

Q

Q



T ⇤
(⌦

kR)

(S,!) S
! 2 ⌦2S

! !
TS

! : TS ⇥ TS ! ⌦

0S.

(S,!, H)

(S,!) H
XH

XHy! = �dH,

!(XH , ·) = �dH(·)

!IJ(XH)

I
= �dHJ

(XH)

I
= !IJdHJ = !I

JrJH =: (!] · rH)

I

XH ⇠ 2 S

˙⇠ = XH = !] ·r⇠H.

{·, ·} : ⌦

0S ⇥ ⌦0S ! ⌦

0S,

{F,G} := !(XF , XG).

⇠

d

dt
F = XH [F ] = hr⇠F, ˙⇠i = hr⇠F,!

] ·r⇠Hi = !(XF , XH) = {F,H},

XH [F ] F XH

(S,!, H)

XF F 2 ⌦0S XF y! = �dF XF [H] = 0

0 = XF [H] = {H,F} = �{F,H} = �XH [F ] = � d

dt
F,



Q
XQ

T ⇤
(⌦

k
hR)

(U i,⇧i)

Hh

(uh,⇡h)
(U i,⇧i)

!

Lh(U
i,⇧i) :=

Z

R

L(uh(U
i
), u̇h(U

i,⇧i), duh(U
i
), d�h(U

i
)),

Hh(U
i,⇧i) = U i

⇧i � Lh(U
i,⇧i).

˙U i
=

@Hh

@⇧i
, ˙

⇧i = �@Hh

@Ui
,

! = d⇧i ^ dU i

T ⇤
(R2N

) N ⌦

k
h

Jn+1
= Jn

⇤

kM

•
M = M1 ⇥M2

• S[u1, ..., uN
]



•
⇤

kM ⌦ (E,⇡,M)

M = M1⇥M2

M = ⌦⇥R

M1 k1 M2 k2

0 ! (⌦M1⌦⌦M2)
0 d! (⌦M1⌦⌦M2)

1 d! ...
d! (⌦M1⌦⌦M2)

k1+k2 ! 0

M1 ⇥M2

0 ! ⌦

0
(M1 ⇥M2)

d! ⌦

1
(M1 ⇥M2)

d! ...
d! ⌦

k1+k2
(M1 ⇥M2) ! 0,

(⌦M1⌦⌦M2)
k
:=

L
i+j=k ⇡

⇤
1⌦

iM1^⇡⇤
2⌦

jM2 ⇡1 ⇡2
M1 ⇥M2

M1 ⇥M2 (⌦M1 ⌦ ⌦M2)
k

⌦

k
(M1 ⇥M2)

d � d|(⌦M1⌦⌦M2)k = 0 d(⌦M1 ⌦ ⌦M2)
k ✓ (⌦M1 ⌦ ⌦M2)

k+1

⇡1 ⇡2 ⇡1 : M1⇥M2 !
M1 ⇡2 : M1⇥M2 ! M2 ⇡⇤

1 M1 M1⇥M2

⇡⇤
2 ⇡⇤

1⌦
iM1 ✓ ⌦

i
(M1 ⇥ M2) ⇡⇤

2⌦
jM2 ✓ ⌦

j
(M1 ⇥ M2)

(⌦M1⌦⌦M2)
k ✓ ⌦k

(M1⇥M2)

dk (⌦M1 ⌦ ⌦M2)
k dk+1 � dk = 0

d(⌦M1⌦⌦M2)
k ✓ (⌦M1⌦⌦M2)

k+1 ⇡⇤
1↵^

⇡⇤
2� 2 (⌦M1 ⌦ ⌦M2)

k ↵ 2 ⌦iM1 � 2 ⌦jM2 i+ j = k

dM1⇥M2(⇡
⇤
1↵ ^ ⇡⇤

2�) = dM1⇥M2⇡
⇤
1↵ ^ ⇡⇤

2� + (�1)

i⇡⇤
1↵ ^ dM1⇥M2⇡

⇤
2�

= ⇡⇤
1dM1↵ ^ ⇡⇤

2� + (�1)

i⇡⇤
1↵ ^ ⇡⇤

2dM2�,

⇡⇤
1d↵ ^ ⇡⇤

2� 2 ⇡⇤
1⌦

i+1M1 ^ ⇡⇤
2⌦

jM2 ⇡⇤
1↵ ^ ⇡⇤

2d� 2 ⇡⇤
1⌦

iM1 ^
⇡⇤
2⌦

j+1M2 (⌦M1 ⌦ ⌦M2)
k+1

⌦hM1 ⇢ ⌦M1 ⌦hM2 ⇢
⌦M2 ⌦hM1 ⌦⌦hM2

⌦(M1 ⇥ M2)



0

//

⌦

0
(M1 ⇥M2)

⇡⇤
✏✏

d
//

⌦

1
(M1 ⇥M2)

⇡⇤
✏✏

d
// ...

d
//

⌦

k1+k2
(M1 ⇥M2)

⇡⇤
✏✏

//

0

0

//

(⌦M1 ⌦ ⌦M2)
0

⇧h
✏✏

d
//

(⌦M1 ⌦ ⌦M2)
1

⇧h
✏✏

d
// ...

d
//

(⌦M1 ⌦ ⌦M2)
k1+k2

⇧h
✏✏

//

0

0

//

(⌦hM1 ⌦ ⌦hM2)
0 d

//

(⌦hM1 ⌦ ⌦hM2)
1 d

// ...
d
//

(⌦hM1 ⌦ ⌦hM2)
k1+kn

//

0

{�j}j ⌦hM1 { k}k ⌦hM2

⌦h(M1 ⇥ M2) {⇡⇤
1�j ^ ⇡⇤

2 k}j,k
↵ ⌦ � ! ⇡⇤

1↵ ^ ⇡⇤
2�

{�j ⌦  k}j,k d(↵⌦ �) = d↵⌦ � + (�1)

deg(↵)↵⌦ d�

n [0, 1]n

[0, 1]

�  
S1[�] =

R
L1(�, d�, d

⇤�) S2[ ] =
R
L2( , d , d

⇤ )

S[�, ] =

Z
L1(�, d�, d

⇤�) + L2( , d , d
⇤ ) + Lint(�, d�, d

⇤�, , d , d⇤ ).

Lint ⌘ 0 �  

�  

⇣ @

@�
+ d⇤

@

@(d�)
+ d

@

@(d⇤�)

⌘
L1(

ˆ�) = �
⇣ @

@�
+ d⇤

@

@(d�)
+ d

@

@(d⇤�)

⌘
Lint(

ˆ�, ˆ ),

⇣ @

@ 
+ d⇤

@

@(d )
+ d

@

@(d⇤ )

⌘
L2(

ˆ ) = �
⇣ @

@ 
+ d⇤

@

@(d )
+ d

@

@(d⇤ )

⌘
Lint(

ˆ�, ˆ ),

ˆ� := (�, d�, d⇤�)

u1, ..., uN L1, ...,LN

S[u1, ..., uN
] =

Z NX

k=1

Lk(û
k
) + Lint(û

1, ..., ûN
).



L(û1, ..., ûN
) :=

PN
k=1 Lk(û

k
) + Lint(û

1, ..., ûN
)

u1, ..., uN N

⇣ @

@uk
+ d⇤

@

@(duk
)

+ d
@

@(d⇤uk
)

⌘
L(û1, ..., ûN

) = 0, k = 1, ..., N.

S[u1, ..., uN
] uk 2 ⌦↵k

u1 ↵1

@k,1 :=

@
@uk , @k,2 :=

@
@(duk) , @k,3 :=

@
@(d⇤uk)

(uk
h,�

k
h, p̄

k
h, q̄

k
h) 2 ⌦

↵k
h ⇥ ⌦↵k�1

h ⇥ ⌦↵k�1
h ⇥D↵k

h k = 1, ..., N

(@k,1L(û�), v) + (@k,2L(û�), dv) + (dp̄kh, v) + (q̄kh, v) = 0, 8 v 2 ⌦↵k
h ,

(@k,3L(û�), ⌧)� (p̄kh, ⌧) = 0, 8 ⌧ 2 ⌦↵k�1
h ,

(�k
h, p)� (uk

h, dp) = 0, 8 p 2 ⌦↵k�1
h ,

(uk
h, q) = 0, 8 q 2 D↵k

h ,

û� := (u1
h, du

1
h,�

1
h, ..., u

N
h , duN

h ,�N
h ) L

4N

⌦

k
(M,E) := �(⇤

kM ⌦ E)

M n E M
h , iE L2

⌦

k
(M,E)

(↵,�)L2⌦k(M,E) :=

Z

M

?h↵,�i⇤kM⌦E .

H⌦k
(M,E) H⇤

⌦

k
(M,E)

D

0

//

⌦

0
(M,E0

)

D
//

⌦

1
(M,E1

)

D
// ...

D
//

⌦

n
(M,En

)

//

0,

Ek M



D = d+A ^
A

Dk
= (dk, fk

) +Ak^
fk Ek Ek+1 Ak

Ek Ek+1

Dk+1 � Dk 6= 0

Dk+1 �Dk
= 0

⇧

k
h

⌦

k
h(M,Ek

) Dk
⌦

k
h(M,Ek

) ⇢ ⌦

k
h(M,Ek+1

)

0

// H⌦0
(M,E0

)

⇧h
✏✏

D
// H⌦1

(M,E1
)

⇧h
✏✏

D
// ...

D
// H⌦n

(M,En
)

⇧h
✏✏

//

0

0

//

⌦

0
h(M,E0

)

D
//

⌦

1
h(M,E1

)

D
// ...

D
//

⌦

n
h(M,En

)

//

0

⇧h ⇠h
�(Ek

) �h(E
k
)

0

// H⌦0
(M,E0

)

(⇧h,⇠h)
✏✏

D
// H⌦1

(M,E1
)

(⇧h,⇠h)
✏✏

D
// ...

D
// H⌦n

(M,En
)

(⇧h,⇠h)
✏✏

//

0

0

//

⌦

0
hM ⌦ �h(E0

)

D
//

⌦

1
hM ⌦ �h(E1

)

D
// ...

D
//

⌦

n
hM ⌦ �h(En

)

//

0

Ek
= M ⇥ Vk Vk

0

// H⌦0
(M |V0

)

(⇧h, )
✏✏

D
// H⌦1

(M |V1
)

(⇧h, )
✏✏

D
// ...

D
// H⌦n

(M |Vn
)

(⇧h, )
✏✏

//

0

0

//

⌦

0
h(M)⌦ V0 D

//

⌦

1
h(M)⌦ V1 D

// ...
D

//

⌦

n
h(M)⌦ Vn

//

0

M ⇥g



�S = 0

dJ = 0

D
D

t
t



U(1) SU(2)

SU(3)

~ = c = ✏0 = 1

A 2 ⌦

1
(M |g)

J 2 ⌦1
(M |g)

SYM [A] :=

Z

M

1

2

hFA, FAi � hA, Ji,

h , i := �tr0( ^? )

D⇤FA = J
� 2 ⌦1

(M |g)

0 = �SYM [A] · � =

Z

M

hD⇤FA,�i � hJ,�i

=

Z

M

hd⇤(dA+

1

2

[A ^A]),�i � h[Ay(dA+

1

2

[A ^A])],�i � hJ,�i

=

Z

M

hdA, d�i+ 1

2

h[A ^A], d�i � h[AydA],�i � 1

2

h[Ay[A ^A]],�i � hJ,�i

=

⇣
dA, d�

⌘

2
+

1

2

⇣
[A ^A], d�

⌘

2
�

⇣
[Ay ? dA],�

⌘

2
� 1

2

⇣
[Ay[A ^A]],�

⌘

2
�

⇣
J,�

⌘

1
,

( , )k := ( , )⌦k(M |g)

A 2 H⌦1
(M |g) � 2 ˚H⌦1

(M |g)

(dA, d�) +
1

2

([A ^A], d�)� ([AydA],�)� 1

2

([Ay[A ^A]],�) = (J,�),

A G

(Ah, q̄h) 2 ⌦1
h(M |g) ⇥ D1

h(M |g)
(�, q) 2 ⌦1

h(M |g)⇥D1
h(M |g)

(dAh, d�) +
1

2

([Ah ^Ah], d�)� ([AhydAh],�)�
1

2

([Ahy[Ah ^Ah]],�) + (q̄h,�) = (J,�),

(Ah, q) = 0.

{'µ ⌦ ta}µ,a ⌦

1
h(M |g) {e� ⌦



ta}�,a D1
h(M |g) Ah = Aa

µ'
µ ⌦ ta q̄h = q̄a�e

� ⌦ ta

� = 'µ ⌦ ta q = e� ⌦ ta

⇣
J,'⇠ ⌦ tc

⌘
= Aa

µ

⇣
d'µ ⌦ ta, d'⇠ ⌦ tc

⌘
+

1

2

Aa
µA

b
⌫

⇣
[('µ ⌦ ta) ^ ('⌫ ⌦ tb)], d'⇠ ⌦ tc

⌘

�Aa
µA

b
⌫

⇣
[('µ ⌦ ta)y(d'⌫ ⌦ tb)],'⇠ ⌦ tc

⌘

� 1

2

Aa
µA

b
⌫A

d
⇢

⇣
['µ ⌦ tay[('⌫ ⌦ tb) ^ ('⇢ ⌦ td)]],'⇠ ⌦ tc

⌘

+ q̄a�

⇣
e� ⌦ ta,'⇠ ⌦ tc

⌘

= Aa
µ

⇣
d'µ ⌦ ta, d'⇠ ⌦ tc

⌘
+

1

2

Aa
µA

b
⌫

⇣
('µ ^ '⌫)⌦ [ta, tb], d'⇠ ⌦ tc

⌘

�Aa
µA

b
⌫

⇣
('µyd'⌫)⌦ [ta, tb],'⇠ ⌦ tc

⌘

� 1

2

Aa
µA

b
⌫A

d
⇢

⇣
'µy('⌫ ^ '⇢)⌦ [ta, [tb, td]]],'⇠ ⌦ tc

⌘

+ q̄a�

⇣
e� ⌦ ta,'⇠ ⌦ tc

⌘
,

0 = A↵µ

⇣
'µ ⌦ ta, e� ⌦ tb

⌘
.

K ~A+B(

~A) +G~q =

~J,

GT ~A = 0,

~A := (Aa
µ)

(µ,a),

~q := (q̄a�)
(�,a),

~J := (J,'⇠ ⌦ tc)(⇠,c),

K := (d'µ ⌦ ta, d'⇠ ⌦ tc)
(⇠,c)
(µ,a),

G := (e� ⌦ ta,'⇠ ⌦ tc)
(⇠,c)
(�,a),

B(~r) := (

1

2

raµr
b
⌫

⇣
('µ ^ '⌫)⌦ [ta, tb], d'⇠ ⌦ tc

⌘

� raµr
b
⌫

⇣
('µyd'⌫)⌦ [ta, tb],'⇠ ⌦ tc

⌘

� 1

2

raµr
b
⌫r

d
⇢

⇣
'µy('⌫ ^ '⇢)⌦ [ta, [tb, td]]],'⇠ ⌦ tc

⌘
)

(⇠,c).

B

B ⌘ 0



• M

• M

• {'} {e} M

• ~J K G B

• ~A ~q

• Ah = (

~A)

a
µ('

µ ⌦ ta)

G
G

Lm( , d , d⇤ )  2 ⌦

k
(M,E)

E ⇡�1
(x) ⇢x G

Lm G  (x) 7!
⇢x(g) (x) g 2 G

Lm

 (x) 7! ⇢x(g(x)) (x) g : M ! G
Lm( , d , d⇤ ) 7!

Lm( , DA , D
⇤
A )
⌦

k
(M,E) DA ⇢

q

DA = d + q⇢(�iA) ,

D = d� iA

S =

Z
1

g
LYM (A, dA) + Lm( , DA , D

⇤
A ),

g

S =

Z
1

g
LYM (A, dA) + Lm( , d , d⇤ ) + Lint(A, ).

A  

D⇤FA = J(A, ),
⇣ @

@ 
+ d⇤

@

@(d )
+ d

@

@(d⇤ )

⌘
Lm( , d , d⇤ ) = F (A, ),



J := �g@ALint(A, ) F := �@ Lint(A, ) A
J

F

~A

K ~A+B(

~A) +G~q =

~J( ~A, ~ ),

GT ~A = 0,

 
 

U(1)

q m
U(1) u(1) ' R

A i
U(1) u(1)

DB = dB � i[A ^B] = dB,

FA = dA

SS [ , 
⇤
] =

Z
dt

Z

R

i ⇤ ?
@

@t
 � 1

2m
d ^ ?d ⇤ � V (x, | |) ?  ⇤,

SM [A] = �
Z

M

1

2
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