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1. INTRODUCTION

This undergraduate thesis will survey Gauss sums, starting from the
classical Gauss sum analyzed by C. F. Gauss, and continuing to more
general character sums. Along the way, the classical Gauss sum will
be utilized to prove the famous law of quadratic reciprocity, which
Gauss refered to as the ”fundamental theorem” in the Disquisitiones
Arithmeticae. Various decompositions and recursions of Gauss sums
will be developed. Prime ideal factorizations will be developed through
Stickelberg’s theorem. Finally, a closing remarks on the Stickelberger
element annihilating the cyclotomic class group and its generalization,
the Brumer-Stark conjecture.
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2. CLASSICAL GAUSS SuM

The Classical Gauss Sum was studied extensively by Carl Friedrich
Gauss.

This section is series of exercises from Abstract Algebra by Dummit
and Foote.

Put K, = Q((,), where ¢, = exp(%) and p is an odd prime.
A finite dimensional Q-vector space is called a number field.
K, is the pth cyclotomic number field. This is because the monic,

irreducible polynomial over QQ is the pth cyclotomic polynomial:
P

D, (r) = 3;__11 =14z+...+22 " and Qz]/(P,(2)) = K,

Put G, = Gal(K,/Q) = {0 € Aut(K,/Q)| 0(q¢) = ¢ Yq € Q}
#(p) p—1

Va € K, a = Z ¢, = Z @¢, for ¢ € Q where {C;}f;ll is a
i=1 i=1

power basis for K, over Q. Hence 7 € G, is completely determined by

7(¢p) = ¢ where (a,p) = 1.

This observation elucidates the well-known isomorphism G, = Z/pZ*.

Definition 2.1. 1y = ZT(CI,) and 7, = Z 7(¢p)

TeEH T€oH
where H is the unique normal subgroup of index 2 and the coset c H =

G\ H. np and 7, are called the two periods of (, with respect to H.

By the aformentioned isomorphism, G, is cyclic, and hence the follow-
ing one-to-one correspondence can be observed:

(m) ={n€Gn(G) =} —{lg,....¢" '} =(9) =G,

Remark. (7) is cyclic by the action of composition.

Lemma 2.1. 7y(n9) = n and m(n1) = no

Proof. 71(no) = 71> _7(G) =Y _7u(r(G)) = ZTI(TQi(Cp)) = ZTZi—l(Cp) =
Z (&) = m.

Te€oH



-1

S

2

nm) =m()_ 7(G) =Y () =Y milri-1(G) Zm@—

Te€oH T€EoH i=1

Z 7(Cp) = No- O

TeEH

Lemma 2.2. 5y = Z ¢, and n = Z CIIZ

a=square b#square

Proof. a € H < a=g* forsome k e N a=(¢")? =g aisa
square, hence a is a square (modulo p) if and only if a € H.
1

X:QZZ@%Q)ﬂ@=Zﬂ®=m

a=square TEH

If b is not a Square then b € H and hence b = g*~! for some 1 eN

Z Cb ZCQ 27_211Cp Zﬁ T2i Cp —712722 Cp

b#square

Ti(10) = m O

Definition 2.2. Let k be a field and K a cyclic extension with Galois

group G of order n, given a € K, the Lagrange resolvent is
n—1

(@.Q) =a+Co(@)+...+ (" o" a) = Y _(o'(a)

=0

where ( is an nth root of unity and o is a generator of G.

Lemma 2.3. 0y +m = ((p,1) = —1 and ng —m = (¢, —1)

P’FOOf. 7]0+7]1: Z C + Z C —27—21 Cp +Z7—22 ICP -

a=square b#square

p—1

ZTi(Cp) = 71(G) + 12(G) + -+ 71 (G) = T(G) + 7'12(Cp) +...+
=1

T{J_2(gp) + Cp =G +n(G)+. .+ Tf(p (Cp) (G 1)-

p—1
o+ 1M = Z 7,(¢p) = Z( via rearrangement, and hence 7y + 1, =
D,() — 1= —1, Where <I>p(x) is the pth cyclotomic polynomial.
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m—m o= (GG ) (GG ) =
p—1 p—2

o FDTG) =Y (F)'H(G) = (G D) U

i=1 i=0
p—1

Lemma 2.4. ZQE = (¢, —1)
i=1

Proof. Observe that (p — k)* = p* — 2pk + k* = k*(mod p).

p—1
i2 _9)2 —_1)2
Puty=3 G y=Q+G+@+  + G g =
=0

p=1y2
1+2(G + &+ + Qﬁp? ) ). Rewritting the residues 1, 22, .
ap_1
as powers of g, v = 1+2(C;()91)2 +C;(792)2 + ... +C;(>g ) ) =1+
2ap_1

2((52‘” + ngg +...+¢0 7 ) =1+2n since each exponent of g in the
parenthesized sum is even and unique mod ¢(p).

v =1+2n0=2n9— (=1) = 2m0 — (G, 1) = 2m — (o + 1) =10 — 1 =
(Cp? _1)' O

Lemma 2.5. 7(y) =y if re Hand 7(y) = —vif T¢ H

Proof. € H = 7 = Ty; for some i, 1 <1 < p%l =71(y) =71(Ng—m) =
7(n0) — 7(m) = T2i(M0) — T2i(m) = Mo —m = 7y since by Lemma 2.1,
Ty = 11 o 71 is the identity on both ny and n;.

TE&€ H =T = 7941 for some i, 0 < i < ;%1 = 7(7) = 7(no — M)

T(mo) — 7(m) = Tais1(m0) — T2ir1(m) = m —no = —7 since 71 =
T O T9;. O
Lemma 2.6. 7 = v when p = 1 (mod 4) and ¥ = —y when p = 3

(mod 4) where 7 is the complex conjugate of 7.

Proof. By Lemma 2.5, v is fixed by H, and thus Q C Q(y) C K. Tt
is easily verifiable that v ¢ Q and thus Q(y) = K, the subfield of K,

fixed by H.
Gal(K,/Q) .
Gal(Q Q)= P =G/H = (0_1) = Z/27 where o_; is
complex conjugation.
p—1
A simple observation of orders gives us 0_1 =7, 2 = Tp-1.

2
pEl(mOd4):>p%1EO(mod2):>T%EH:>§/:J,1(7):

o1 (7) = 7.
5



pE3(mod4):p%lzl(mod2):7'pT4¢H$§:0_1(7):
T (7) = =7 O

Proof. 7= 3 (—1fTIG) = 3 (-1 (G) =
o p—2 i p—2 L B p—2 p—2 i Tf_J(Cp)
7= (L CU RGO (176 = 3 3 ()R (R
=, k= G
= (—1) 7 ( ) where k =i —
k=0 =0 S !
_ 7 (G) j M
k=0= , =1=7( 2 )=1
le(CP) _ 9Pl _ o o —
k#0= - ¢g = (k= 7,"((p) where ged(ag, p) = 1.
7= D+ Y (DL A = e ) A
(p=1)+>_ (=1 A (1*(G) = (p-D+)_ (=D (A (G) =
(p—1+> (=D [(G D] = (p— 1)+ Y (—1)fr*(-1) = (p— 1)+
k=1 k=1

Theorem 2.1. 72 = (—1)pT_1p

Proof. This follows directly from Lemma 2.6 and Lemma 2.7. U
We conclude that v = £ (—1)%1) with [Q(y) : Q] = 2.

Remark. By Galois correspondence, Q(7) is the unique quadratic sub-
field of K,.



3. QUADRATIC RECIPROCITY
We will use the results from the previous section to prove one of Gauss’
favorite theorems, the law of quadratic reciprocity.

First we will define the Legendre symbol and develop lemmas and sup-
plementary laws to assist the proof.

Definition 3.1. For odd prime p,
1 if a is a quadratic residue (mod p) and a Z 0 (mod p)

<g) = ¢ —1if a is a quadratic non-residue (mod p)
0if a=0 (mod p).

this is called the Legendre symbol.
Lemma 3.1. Va,b € Z/pZ”™, (a + b)? = a? + VP (mod p)

u . !
Proof. (a+b)? = Z (p) a'b’™" where <p> __r
i i

: (p — )l

=0
For 1 <i<p-—1,il 20 (mod p) and (p —i)! Z 0 (mod p) since both
1 and p — ¢ are both strictly less than p.

(?) (p—i)lil =p! =0 (mod p) = (];) =0 (mod p)

1

p—1
(a+b)”:a”+z(i,))aibp_i—l—bpzapjtbp (mod p). O
i=1
Lemma 3.2. Let p be an odd prime, (E) = ('U)]%1 (mod p)
p

Proof. Let p be an odd prime. Z/pZ™ is cyclic, with generator g.

—1
If v is a square modulo p, then v = ¢* for some k, 0 < k < L
i = gDk =1k =1 = (E>

p
Notice that this accounts for the case where v =0 (mod p).
If v is not a square modulo p, then v = ¢?**! forsome k, 0 < k < —
o' = g VR = P = ) = (2) O
p

—1 lifp=1 d4
Lemma 3.3. (Supplementary Law 1) (—) = zfp (mod 4)
D —1ifp=3 (mod 4)
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Proof. Put v = —1 in Lemma 3.2 O

1 if p=+1 (mod 8)

2
Lemma 3.4. (Supplementary Law 2) <]_9> - {_1 if p= 43 (mod 8)

Proof. Set (s = exp(%) and B=C+ (5t = 2008%7r =2.
F=(GHE)?=¢+2+ =2

2 p—1 E
By Lemma 3.2: (2_7) =27 = (6% 2 =4 (mod p).

2
Multiplying by (8 on both sides yields: 3 (—) = (P (mod p)
p
_ _ 2
By Lemma 3.1: = (GG = B+G7 = (G+G) (5) (mod p).

p=+1 (mod 8) = E + (P =G+ =8= (%) =1 (mod p).
p=43 (mod 8) = ¥+ " =G+ = (G+GE-1+G) =

ﬁ(§§+2+C8_1_3):5(52—3):—5=>(2)5—1 (mod p) O

Theorem 3.1. Let p, q be two distinct positive prime numbers, then

L) ifporg= 1 (mod 4)
(g) - (C% ifp=q= 3 (mod 4)

p—1
Proof. From the previous section, we analyzed v = Z C;Q =1y — N1
i=1

p—1
v is also expressible as v = Z (E) Cp-
p

By Theorem 2.1, 77 = v(72)"7 = ~((
By Lemma 3.2, 47 = 7(—1)172;1%1 (

ey 2L 0\ ¢ Lk yor
By Lemma 3.1, 74 = < (—> CS) = (— = <—>
p p p

v=1 v=1

()65 =G (5)e= ()

v=1 v=1
The last congruence is observable via variable change v — qv
8

v=1



By equating both congruences of 4¢ (mod ¢),

7% (2) = ()2 (2) = (4) =
a7 (2) = (D) = 0= (2) = (1) oo

+p is coprime to ¢, and thus has an inverse modulo gq.

Because (—1)", b , and (g) take values in {£1}, the congruence
q p

I3

can be strengthened to an equality.

porq=1 (mod4)= (p—1)or(¢g—1)=0 (mod 4) = ————=0

= ()2

_ p—lg—-1_ P\ _ (4
p_q_3(mocl4):>—2 5 = (mod2):>(q)— <p> O

Lemmas 3.3 and 3.4 and Theorem 3.1 give the full statement of qua-
dratic reciprocity. The Legendre symbol being multiplicative (as we
will see in the next section, the Legendre symbol is a quadratic mul-
tiplicative character), together with the lemmas and theorem, allow

(2> to be computed Vn € Z.

P
Example, (21L) _ (T19) _ (315) _ (3 (5} (2 _
P\ To19) “\5ar ) T \5a1) T \5ar ) \ a1 ) \5a1) =
5A1Y 541\ (541\ /1) (1) (12 [ 4 3 (3
3 5 J\23) \3/\5/\23/) \23)\23) \23)
23 2
(=) =—(2) =1
3 3

The last equality agrees with both lemmas when 2 is viewed as -1
(mod 3) as well.

Definition 3.2. The generalization of the Legendre symbol is the Ja-
cobi. Without restriction to composite n > 0, if n = p{"p3?...pp*,

a1 (o) ag
then the Jacobi symbol (ﬁ) = <ﬁ> (ﬂ) (ﬂ) . This is
n P1 P2 Pk

a product of Legendre symbols. It shares some properties common to
the Legendre symbol, but loses a valuable property as well.

Remark. Both Supplementary Laws and Theorem 3.1 still hold when
distinct primes p and ¢ are replaced by composite n and m where
both n,m are positive and odd. Unfortunately, there is significant

loss of information. Specifically, the Jacobi symbol does not share the
9



a
property: (—) =1 = a is a square modulo n. This is due to the

indiscernability between an even parity of quadratic nonresidues in the
product of the Jacobi symbol and the necessary condition of a being
a quadratic residue modulo all primes dividing n. Despite this, Jacobi
symbols are still very useful in various algorithms such as in primality
testing.

We will now state the law of cubic reciprocity, without proof, for the
interest of the reader.
Definition 3.3. An Eisenstein integer is an element of Z[(3].

Definition 3.4. Let m be and Eistenstein prime with N(7) # 3, and
let a € Z[(3]. If 7|, set (g> =0. If 7 Jo, let (g> be the unique
/3

m/3
power of (3 defined by

G (N@-1)/3 — (2) (mod 7)
m™/3

This symbol is multiplicative like the Legendre symbol. Lastly, if 5 is
a unit of Z[(3], define <g) =1 for every a € Z[(3]
m/3

Definition 3.5. Let a € Z[(3]. a is called primary if @ = £1 (mod 3)
Theorem 3.2. (Cubic Reciprocity). Let o and [ be coprime primary

3 3

For more information about cubic reciprocity see [3].

10



4. GAUSS SUMS

Definition 4.1. Given a finite abelian group G, the multiplicative
homomorphism y : G < S' C C* is called a character of G.

a a . a;
geG,g=9g""...9%". x9) = e:ch(QmZ f—]) where ordq(g;) = f;.
j

J
bia; Y
More generally, xs,,..p,(9) = exp(2mi Z ]f—aj) = H e:cp(27rijf—%) =
PR j J

The definition of x used in this paper will be x(g) = x1
the trivial weights.

1(g), omitting

-----

Let xo denote the trivial character, with yo(g) = 1 Vg € G.

The finite abelian group on which y is defined will be a Galois group of
a number field, typically Z/mZ™ corresponding to the mth cyclotomic
number field.

Definition 4.2. G = Z/mZ”™. x can be extended by defining y(n) =
x(n) where n is the residue of n modulo m. Setting x(n) = 0 for n
with ged(n,m)>1, extends x to the integers with periodicity, such that
x(n) = x(n+m) ¥n, € Z. We say that x is a character to the modulus
m. This extended character x is a Dirichlet character.

Definition 4.3. G = Z/mZ”. A character y has a minimum modulus
of definition, called the conductor, denoted f(x). A character is called
primitive if f(x) = m, and imprimitive otherwise, in which case f(x) <
m.

Example. Let m = 8, then Z/mZ” = {1,3,5,7}. Every non-trivial
character is quadratic. By the multiplicative relationships, it is easily
verifiable that {3,5} generate the group, and hence ¥ is defined by the
values it takes on 3 and 5. This is the character table:

x|]01 23 45 6 7
Y10 1010101
Y201 0-101 0 -1
x5/0 101 0-10 -1
x40 1 0-10-101

f(x1) =1 < 8and f(x2) = 4 < 8, hence y; and x, are imprimitive
(x1 is obviously imprimitive because it is the trivial character!)
11



x3 and x4 are both primitive because they cannot be defined on a
smaller modulus.

Remark. Unless stated otherwise, x will be a primitive character.

Definition 4.4. The Gauss sum of Dirichlet character y modulo N is
N
a) = Zx(n " where (v = exp(3%*) and x is a (primitive)

n=1
character of (Galois) group G (= Z/NZ*). The notation Gy(x) =
Gn(x, 1) will be used if there is no ambiguity.

Remark. The Gauss sum generalizes the Langrange resolvent, defined
in the previous section.

When Y is the trivial character, G,(xo, 1) = (Cp) =—1.

p
When y is the quadratic character, G,(x2, 1 Z Yo (n)¢" = Z (E> e

where (E) is the Legendre symbol.
p

The Classical Gauss sum from the Section 2 can now be viewed as the
Gauss sum G,(x2) where x» is the unique quadratic character of the
Galois group.

Lemma 4.1. Let xy and v be characters modulo m. If ged(f(x), f(¥)) =
1, then f(x¥) = f(x)f(¥)
Proof. Apply the Chinese Remainder Theorem. O

Remark. Lemma 4.1 allows us to factor characters modulo m. If
m = ab, and ged(a,b) = 1 then we can factor a character y modulo m
into a product of characters y, and x;, modulo a and b, respectively.

Lemma 4.2. gcd(a,m) =1= G(x,a) = x(a)Gn(x, 1)

Proof. G,(x,a) = Z n)(n = ZX n)Cnt = ZX x(an)(ot =

)ZX an)(y' = x(a)Gm(x,1). The last equality holds because

gcd( ) =1=n — an is a bijection on Z/mZ*. O

Lemma 4.3. gcd(a,m) > 1= Gp(x,a) =0
12



Proof. gcd(a,m) =d > 1= m =rd and a = bd and gcd(r,b) = 1
There exists a ¢, such that x(¢) # 1 and ¢ =1 (mod r). The existence
of such a ¢ arises from x being non-trivial on the kernel of the mapping
h:Z/mZ* — Z/rZ*. If it were trivial on the kernel, then x would
determine a character of Im(h) C Z/rZ*, extending to a character x’
of Z/mZ*, and x" would induce y. This contradicts y being primitive.
It is easy to show that a = ca mod m, and thus (¢ = (¢

X(©)Gmlx,a) = D x(en)(it = D x(en)(™ = Gu(x, a) by the vari-

able change cn — n, since gcd(c,_m) =1
(x(c) = 1)Gr(x,a) = 0 = Gn(x,a) = 0, since x(c) # 1 O

We will now apply Lemmas 4.2 and 4.3 to generalize Theorem 2.1.

Theorem 4.1. For primitive character x with conductor m, if ged(a, m) =

1 then |Gy (x, a)| = v/m.
Proof. |Gum(x, @) = Gun(x, )Gm(x,a) = > Y x()x(y)¢S" ™ where
z oy

2 and y run over the residues modulo m.

r =y (mod m) = Z ¢a=y) = Z l=m

n (mod m) n (mod m)

rZy (modm)= Y Y =0,((n) =0

n (mod m)

By Lemma 4.3, ged(z,m) > 1 = x(z) = 0 Z |G (X, )|2 =

n modm
(Z) G Z) 2. 2 XN Z > X
n,m)=1 (n,m)=1 =z 1z (mod m)
Z Ix(x)|lm =m Z 1—m(/§
(n,m)=1 (n,m)=1

By Lemma 4.2, for n coprime to m, G,(x,n) = x(n)Gn(x,1) =
Guatam) 2 = (M2 G, D

2 _
Appealing to Lemmas 4.2 and 4.3, |G,,(x, n)|* = {|§m(X; bl Z‘ gzz((:: Zg ; 1
Yo 1Guten)P= Y 1Gn( DI = é(m)|Ga(x, DI

n (mod m) (n.m)=1

Equating the two yields ¢(m)|Gn(x, 1)|? = mé(m) = |Gn(x, 1)]> =m

ged(a,m) = 1= |Gu(x, ) = [Gn(x, DI? = [Gn(x. a)| = vVm O



Remark. Clearly, by Lemma 4.3, gcd(a,m) > 1 = |G(x,a)] =0

We will now develop a decomposition of a Gauss sum of composite
modulus into simpler Gauss sums.

Theorem 4.2. Let m = ab with ged(a,b)=1. Let x = xaX» be a charac-

ter modulo m. Gp,(x) = Xa(bgl)Ga(xa)xb(ab_l)Gb(Xb) where f(Xa) = a
and f(xs) = b

Proof. For any n, 1 < n < m, we would like to write n = n; (mod a)
and n = ny (mod b). By the Chinese Remainder Theorem,

1 (mod a) and = {0 (mod a)

= h =
n = ani + fny where o {0 (mod b) | (mod b)

Let b, denote the residue of b (mod a) and a; the residue of a (mod b).
a =b,b;t =bb;! and B = apa; ' = aa,* where b;! and a, ' are integer
representatives of the residues between 1 and their respecitve moduli.
X(n) = Xm(n) = Xa(n)xs(1) = Xa(ani+Bn2) xs(ani+58n2) = Xa(n1)xs(n2)

= xm(Gn = Y Xa(m)xs(n2) G =Y 7 xa(m)xo(n2) G G
n=1

ni,ng ni,n2
on 2miamn, 2mibb, 'ny 2mib, 'ny -1
o = eap(T o) = eap(TT ) = ep(TToe T = ¢
2mine 27rz'aa;1n2 2ﬂia;1n2 a; !

G = eap(T) = eap(T 1) — eqp(ZT0T) — ¢

a; tng ay'n
a\"1)Xv\T2 = a\T1 b2b2
ZX"X””’“C*’ anb’“anc

BeLemma42 Zxanl ba "1:Xa Zxanlglzxa( DG (Xa)
and be ns) ab = b(ay ZXb n2)G = Xo(a, ') Go(Xb)-
Substltutlng, we get G, (x) = X(ba )Ga(Xa)X (agl)Gb(xb) O
Remark. The process in Theorem 4.2 can be repeated until m is fac-

k
tored into prime powers. m = Hpaz = Gp, = ,uHG o Xp

=1
where p is the appropritate root of unity.

14



5. QUADRATIC GAUSS SUMS

We will now focus on quadratic Gauss sums and their decomposition.

Definition 5.1. The quadratic Gauss sum g(a ZC

The quadratic Gauss sum can be decomposed into simpler quadratic
Gauss sums, and ultimately factored analogously to the Gauss sum in
Theorem 4.2.

Lemma 5.1. For odd prime p, g(a,p) = (ﬂ) g(1,p).
p

Proof. Appealing to Lemma 2.4 and Lemma 4.2, we see that gcd(a, p) =

1= g(a,p) = ZC“” Zm G(x2,0) = x2(a)G(x2, 1) =

x2(a)G(x2,1) ZX b, = Xxz(a ZC = x2(a)g(1, p), where

X2 is the Legendre symbol Likewise, if gcd(a p)=p=x2(a)=0. O

Remark. By induction, Lemma 5.1 can be extended through the Ja-
cobi symbol so that the restriction on p is lifted from having to be
prime to having to only be odd and positive. Even the restriction of
being odd can be lifted, but the proof requires analytic computation.

We will now develop some recursion formulae, useful in the process of
factorizing quadratic Gauss sums.

Lemma 5.2. For odd prime p, and j > 2, g(1,p7) = pg(1, p’~2).

Proof. Writing n p-adically, n = r+sp’~! with r a residue modulo p’~!
and sa re&due modulo p. n? = (r+sp’ 12 = r? 4+ 2rsp’ !t + spP 2 =
r? 4+ 2rsp’~! (mod p’).

p]
- r24-2rspl —1 27“5
=26 =225 =22 GG =G
n=1 r,plr
gcd(p,r) = p = Czrs = exp(27rzs) =1, so0 the inner summation is p as
s runs through the residues modulo p.
ged(p,r) =1 = s — 2rs is a bijection on Z/pZ and as s runs through
the residues modulo p, each pth root of unity appears once, so the inner

summation is 0.
15



1
=p > =P+ AT AT = p((G et (et
rp|r
p]'—2_1 pj—2

S 9\2__ ’fL2 n2 j
CJ 2+ +C,(,§—22) 1)=p Z ij—2:pchj—2 = pg(1,p’ 2) O
n=0 n=1
Lemma 5.3. g(1,27) = 2¢(1,2772) for j > 4.

Proof. Writing n 2-adically, n = r+ s27~2 with r a residue modulo 272
and s a residue modulo 2. n? = (r + $2772)2 = 2 4 2rs29 72 4 sp*~* =
r? 4+ rs2771 (mod 27).

271 2Gi-1)_1

g(1,27) Zczj :ZZC”W“—ZZ@?(— =2 > G

2|r,r=0
The last equahty holds by the same arguement as in Lemma 5.2.
2(i—1)_q 2(1—2) _q
(i-3)2
9(1 2] =2 Z Czﬂ =4 Z Cza —4 C2J+(2J +C23+ +C2J ):
2|r,r=0 2|r,r=0
2(i—3)_1 20-2)_1

( )2
(CQ] 2+C2] 2+C2] 2+ + 2]4 —4 Z C2] 2—2 Z C2]2:

29(1,2772). The second and sixth equahtles are due to symmetry. 0

. propi=1 (mod 4)
Lemma 5.4. g(1,p/) = { L oi=3 (mod 4)
Proof. g(1,p?) = pg(1, pj*Q) = phy(1, ) after k iterations.
J=0 (mod 2) = g(1,p) = ... = p'Tg(1,p?) = %9(1 b=
j=1(mod2) = g(1,p)) = ... = p'zg(l,p) = p'7 (—1)’77119 =

) 0
)

(_1);%1 i p?zfpzl(modél)(:)pjzl( mod 4
be= ip? if p=3 (mod 4) & p’ =3 (mod 4

» i 9 =
Lemma 5.5. g(1,27) = {(1 +1)22 22 =0 (mod 4)

0 2/ =2 (mod 4)
Proof. g(1,27) = 2g(1,277%) = ... = 2Fg(1,277%) after k iterations.
29 =0 (mod 4) = ¢(1,2) = ... = 257 g(1,4) = 25 (I' +i* + & +
16) = 2(1 + )27 = (1+1i)2% |
2 =2 (mod 4) = ¢(1,2) = ... =22 ¢g(1,2) =27 (1-1)=0 O
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Lemma 5.6. Let a be odd. Then g(a,2") = €(a) (

_Jlifa=1 (mod4)
e(a) = iif a=3 (mod 4)

) g(1,2") where

Proof. Let a4 : Cor — (5. Then g(a,2") = 04(1,2") = 04(1+1)0,(22).

N L, Jl+iifa=1 (modd4) _ (-1 e(a ;
ull+i) =1+i" = 1—iif a=3 (mod4) _(a) (@)1 +3)

a2 = (2) 2= (2) 21 2 g02) =0 () g2y O

Analogous to Theorem 4.2, there is a way to decompose a quadratic
Gauss sum of composite modulus.

Theorem 5.1. Let m = ab with gcd(a,b) = 1. g(1,m) = ug(1,a)g(1,b)
where 1 1s an appropriate root of unity.

Proof. For any n, 1 < n < m, we would like to write n = ny; (mod a)
and n = ny (mod b). By the Chinese Remainder Theorem,

1 (mod a) (mod a)
0 (mod b) and = { 1 (mod b)

n = any + Bny where a =

Let b, denote the residue of b (mod «a) and a; the residue of a (mod b).
a=b,b;t =bb;! and B = aya; ' = aa; ' where b;! and a; ' are integer
representatives of the residues between 1 and their respecitve moduli.

n? = (any + Bne)? = a®n? + 2afniny + B*n3 = b2b; 2n1 + aka,? +
a a2a; ?)n2

2mb 1%1 = b2b, 2n1+a§ab (modm) = (7 = Cnfb e, nd

(b2b n? (akay, )n2 . (bb;Z)n1 aab )n32 bb 2

m ‘ Cm = Ca G = g(1,m) = g( a)g (aab ) b).
= 2k where kisodd and j > 0 = ¢(1,m) = g(ksz, 23) (21279, 2 k).

Appeahng to Lemma 5.1, the subsequent remark, and Lemma 5 6,

g(1,m) = g(kk,*,27)g (2J2]k k) =

25

) (12 ) 1.2) (21 ) o1, 4) =

_9j 2j2j;2 ;
[ kk (l{:/{:‘f) < ? >] g9(1,27)g(1, k).
k =

H pi*, so further decomposition of g(1,k) is possible but the

piodd
computation of the root of unity becomes rather cumbersome. 0
17




Remark. m = H pi*. Using Theorem 5.1 and great diligence,
piprime
g(l,m) =p H g(1,p*) where u, the appropriate root of unity, can

piprime

be computed through methods in the proof of Theorem 5.1.

We conclude this section with an elegant equation for evaluating qua-
dratic Gauss sums due to Dirichlet. The proof of the theorem uses
analytic methods and is beyond the scope of this paper.

1+i°
Theorem 5.2. For any positive integer b, g(1,b) = %\/7)
7

Proof. See Algebraic Number Theory by S. Lang, pp. 88-90. [5] O

Remark. Theorems 5.1 and 5.2 allow g(a,b) to be computed for any
positive integers a, b.

18



6. STICKELBERGER’S THEOREM

To pursue the prime factorization of the Gauss sum, we will look at
the Gauss sum as an ideal (or divisor) in the appropriate number field.

We must first introduce the Teichmiiller character, which will be a
canonical character dependent on a prime ideal that will be the basis
for expressing all other characters. The existence of such a character
will be justified by Hensel’s lemma.

Theorem 6.1. (Trivial case of Hensel’s lemma). Let K be a number
field and let p be a prime ideal in the ring of integers Ok . Let K, be the
completion of K at the finite place p and let O, be the ring of integers
in Ky. Let f(z) be a polynomial with coefficients in O, and suppose
there exists oy € O, such that

flag) =0 mod p, f'(ap) #0 modp
Then there exist a root a € K, of f(x), i.e. f(a)=0.

Proof. See http://planetmath.org/encyclopedia/HenselsLemma.html. O

Corollary. Let p be a prime number. The ring of p-adic integers Z,
contains exactly p — 1 distinct (p — 1)th roots of unity. Furthermore,
every (p — 1)th root of unity is distinct modulo p.

Proof. Notice that Q,, the p-adic rationals, is a field. Therefore f(z) =
xP~1 — 1 has at most p — 1 roots in Q,. Moreover, if we let a € Z with
1 <a<p-1then f(a) = a*' -1 =0 mod p by Fermat’s little
theorem. Since f'(a) = (p — 1)aP~? is non-zero modulo p, the trivial
case of Hensel’s lemma implies that there exist a root of z#~* —1in Z,
which is congruent to a modulo p. Hence, there are at least p — 1 roots
in Z,, and we can conclude that there are exactly p — 1 roots. U

Definition 6.1. The Teichmiiller character (or Teichmiiller lift) is the
unique character w of IF ¥ satisfying w(a) = a (mod p).

Lemma 6.1. The Teichmiiller character generates the character group
of F).

Proof. T is cyclic and w(¢,—1+p) = (-1, and so w has order p—1. [

Remark. Every character of F is expressable as w™*. We will thus

use w(a) = a! (mod p) as our generator to avoid negative powers.

From this point on, we will refer to w as this generator.
19



The following lemmas will explain this diagram.

Pror P

pl...pm; / ) lp\
\ /

Put K, = Q({,) and let K,,, be the composite of K, and K.

It is well known in algebraic number theory that in a number field K,
an ideal factors into a product of prime ideals, the algebraic integers

of K. n:Hpiei

i=1

Lemma 6.2. Let n be an ideal of Og. n = pr’

i=1
r

Z eifi =K : Q. Where f;=[Ok/pi:Z/n]
fl zs called the inertial degree of p;.

PTOOf. TL[ NK/Q HNK/Q €i Hnezfz — n i 1€zfz |:|

Remark. If K is a Galozs extensmn, then e; = e and f; = f for
1 < <r As a consequence, efr = [K : Q.

K, and K,_; are both Galois extensions because ¢, and (,_; generate
the all of the pth and (p — 1)st roots of unity in K, and K,_1, respec-
tively, thus the fields are normal, and because all number fields are
separable.

Theorem 6.2. Write m in the form p*n, p [ n. Then e = ¢(p*) and

f 1s the multiplicative order of p modulo n.
20



Proof. See Number Fields by D. Marcus pp. 76-78. [7] O

Corollary. If p [ n, then p splits in ¢(m)/f distinct primes ideals in
Ok, ., where f is the order of p mod m.

Lemma 6.3. p totally splits in K,_;.

Proof. Appealing to the corollary when m = p— 1 gives us that p splits
into ¢(p — 1) distinct prime ideals because f = 1. O

Lemma 6.4. p totally ramifies in K,.

p—1

Proof. m=(1—=¢)(1—=¢)for 1 <i<p—1=m]J[(1-¢) =

=1
(1) =p. Form, (p—1)fr=efr=[K,:Q =¢(p)=p—1=f=
r = 1. m has full ramification index, and must be prime, otherwise it
would factor causing efr > [K, : Q]. O
Lemma 6.5. p = H‘B*l”l. By i Ok, .y,
Proof. Appealing to Lemmas 6.2, 6.3 and 6.4,
P=Pr..  Pp-r in Ok, , =1 >d(p—1). p=mPl=ec>(p-1).
ef > ¢(p—1)p(p) = [Kp-1,: Q =efr >ef. O

Now we know the structure of the factorization of p, and hence the
Gauss sum with absolute value p. Stickelberger’s theorem will explain
the factorization of the Gauss sum in terms of prime ideals in K1,
. In full generality, ¢ = p" =1 (mod m). The following theorems will
state the general case, but the content of this paper will only analyze
the caseof n=1andm=p—1

Definition 6.2. For integer k, looking at k£ (mod ¢ — 1), we write the
p-adic expansion k = ko +kip+ ... +k,_ip" P with 0 < k; <p— 1.

n—1 n—1
s(k) = k; and y(k) = [ %!
=0 =0
Both s(k) and ~y(k) are periodic ¢ — 1.

Theorem 6.3. (Stickelberger’s Theorem). For any integer k, we have
the congruence

(;@Uk><gw) —1
(G = 1) (k)

21
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In particular,
ordyG(w*, ") = s(k)

Proof. See Cyclotomic Fields I,II by S. Lang, pp. 7-9. [6] O

Corollary. In the case of n =1, ¢ = p" = p and Tr(z) = 2" = z.

s(k) = ko =k (mod q) and v(k) = ko!

In this case, Stickelberger’s Theorem states: for 0 <k <p—1
Gwr ¢) -1

—(Cp ) = m (mod )

i particular,
ordypG(WF,¢) =k

Proof. Let p be aprime ideal over p. w(n) =n~! (mod p) = (mod Pr~1).
p—1

Gp(w) = Z ¢ = Zn (1 —7)" (mod P 1)
Zn (1 —nm) (mod PB?) since P|x.

p—1

w) EZn_1+Gp(w) EZ?TEO—(p—l)?TETF (mod P?)

n=1 n=1
Hence we have that, ‘B||Gp(w). Similarily, for 1 <k <p—2,
-1

Zw N = Zn’k(l — )" (mod PP 1)

i n*(1+ agnm + agn’r® + ..+ (—1)’“%71’%’“) (mod PF+)
o p—1 p—1
For1<j<k-—1, an’kajwj = a;m’ an’k =0 (mod P
- n=1 n=1
Gplwh) = 3 (1) gynt = (<1 2ok £ 0 (mod P,
Hence we ﬁ;/e that, B*||G,(wF) = ordng(w ) = k. O

Stickelberger’s Theorem gives us a correspondence between kth powers

of a particular prime ideal B exactly dividing the Gauss sums G, (w").
22



Using the result of the theorem, we can understand the full factorization
of a particular Gauss sum G,(w?)

Take 0, = 041 € Gal(K,_1,/Q) such that 0,((,) = ¢, and 0, (w) = w*.

p—1

Gp(w)?* = ZW(”)QCS = Gp(w”).

n=1

PGy (") = (B ) 1Gy(w) = (B7) 11Gylw)
We now have the full factorization of G,(w) = H (B 1)a.

(a,p—1)=1
Via conjugation, we know the full factorization of G,(w*) = G,(w)?* =

— YUp
H (,nglgk) for any 1 <k < p — 2 with ged(k,p — 1) = 1.
(a,p—1)=1

The following well known theorem in algebraic number theory provides
a method for computing the primes p and ‘B lying over p.

Lemma 6.6. If x has order m, then G,(x)™ € K,,.

Proof. Let 7 € Gal(K,,/Q) such that 7(¢,) = ¢ and 7(¢n) = (- In
fact, 7 € Gal(K,p/ K.

T(G00™) = 7( Y x(m§) = Y x(mGn = x(v) Gyx)™
n (mod q) n (mod q)

U

Theorem 6.4. Let p be a prime ideal (or divisor) in the number field
k. If Oxl0] = Ok, then there is a prime ideal (or divisor) PBi|p of
K/k of residue class degree (inertial degree) f = deg(h;(x)) given by
B = hi(0) + pOk (or B = (hi(0),p) as a divisor), where h(x) is
the (monic) irreducible polynomial of 6 and h(z) = Hm is the
projection of h(x) in F,x] = O /plx]

Remark. It is necessary that Ox[0] = Of. For 6 = (,, this holds.

Remark. The proof is elementary but relatively long and can be found
in many texts. The result of the theorem will be used for computational
examples, hence the proof is excluded.

Proof. See Number Fields by D. Marcus pp.79-82. [7] or Analytic The-
ory of Algebraic Numbers by H. Stark Theorem, 8.1.3. [9] O

Example. Let £k = Q, p = 7 and K = K where § = (5. h(z) =

Ps(r) =22 —x+ 1= (x —3)(z —5) (mod 7). There are exactly two

primes p;, po dividing p, both of inertial degree 1. p; = ({5 — 3,7) and
23



p2 = ((s — 5,7). K¢ is a quadratic extension, hence p = p1ps.
To verify, 7= (2 4+ v/—3)(2 = vV/—3) = (1 + 2)(3 — 2(s) =
[1-7+2(¢ —3)[(—1) - 7—2(¢ — 5)].

Using our previous results, p = p1p2 = PIPS in Ko 7.

Definition 6.3. The Stickelberger element is

ok = Y (ot e i)

cEZ/mZ*

where (t) =t (mod Z) and 0 < (t) < 1 and m is the order of the
character w* (mod p). w* will be defined contextually.
n—1 k i
Lemma 6.7. For any integer k, we have s(k) = (p — 1) Z <q f 1).
1=0

Proof. We may assume 1 < k < g — 1 since both sides of the equation
are (¢ — 1)-periodic in k. k =ko+kip+... +k,_1p" ! =
kp' = En—itkn_(i-1 p+ g op R p A Pt =

n—1

kp' kp' kp' kpt _s(k)1+p+... +p"7)
p—t é p— p—t
<q—l> qg—1 Z<q—l> Zoq—l q—l
-1
s(k)y1 (k) -
¢g—1 p—-1

Theorem 6.5. G, (w", (I") = PE-DIEP) = p0*®0) g5 ideals in K,_1,.

Proof. ordgglmG(wk, CZT’) = OrdecG(wk, Cg’") = orde(ka, g,““) =
s(kc) by Theorem 6.3. {0} fixes G,(w"(]r) and hence fixes p (this is
the decomposition group of p) = in the ideal p?*® o 1p occurs with

k k
multiplicity Z 0p1 s( Ci, by Lemma 6.6. Hence in the ideal
1)6(k -1 s(kc)
PE-D0EP) 5198 occurs with multiplicity (p — 1) 1= s(ke). O
p —
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Example. n =1 and ¢ = p = 7. The only primes above p are ;>
in Kg7, and thus are the only primes dividing G,(w¥, (,)

k Gp(wkap)
1 Pe-Doke) — p6(Glor +(Hlos ) = 9,985
o(k 6((2)o; ()0t 214
3 otwten %ﬁiélﬁié@i ke
172
4 PE-DokR) — PE(Fror +(Fos ) = 2
5 PE-DOkR) — p6(Eer +HF)os ) — piepl

Theorem 6.6. Let C be the ideal class group of Q((). Then for all b
prime to m,
(b —0y)0(m)

annihilates C

Proof. (Sketch:) yp = &N®=D/m and put Yol A
roof. (Sketch:) x, =w and put f(m) = e;)x <m)a sa
special case of Theorem 6.5, we obtain the factorization

Gp(xp G ) = 9"
Therefore, if b is an integer prime to m, then

(X)J?CTr)b oy __ p )(b—0p)

6(m)(b— op) lies in Z|G]. This gives us a factorization of the 8(m)(b—
op)th power of the Gauss sum in terms of p and its conjugates in Q((,, ).
In every ideal class there exists an ideal prime to m (Hilbert).

pf(m)(b=0v) ig principal for every p f m 0

7. BRUMER-STARK CONJECTURE

The Brumer-Stark conjecture is the generalization of the Stickelberger
ideal annihilating the ideal class group of Q(g,).

Conjecture. (Brumer-Stark). Every ideal a of K has the following
property: There exists an element o € K satisfying ||, = 1 for every
Archimedian place v of K such that a“%sx/* = (a) and such that the
extension K(/a) is Abelian.

This conjecture has recently been proven by Dr. Cristian D. Popescu.
In his seminar’s closing remarks, he mentioned that he is working on a
further generalization of the Brumer-Stark conjecture for non-Abelian
extensions.
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