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ABSTRACT

This paper will treat three topics motivated by chemical reaction networks with mass-
action kinetics; they are commonly referred to as deficiency, determinant expansions, and
sign patterns. The dynamics of a chemical reaction network are governed by a non-linear
system of ordinary differential equations

dx

- — €T ,

" fa)
and what is observed in experiments is often equilibria states, {x : f(z) = 0} of this
differential equation.

A major issue is counting the number of equilibria, and in particular determining if
there is a unique equilibrium. There are two main hypotheses which insure that a chem-
ical reaction has a unique equilibrium. The most classical one is known as the deficiency
0 condition, while more recently a condition on the determinant of the Jacobian of f
has been fruitful. Since either of these conditions on f separately imply that there is
a unique equilibria, it is natural to ask: does one condition imply the other? In this
thesis we demonstrate that the answer is no. Indeed we give concrete examples showing
that the ”deficiency” and key properties of the Jacobian’s determinant expansion have
no simple bearing on each other.

The thesis also contains a study of the two standard ways of representing f for a
chemical reaction network; we refer to them as the Stoichiometric Representation and
the Complexes Representation. We show that a system which has one of these repre-
sentations also has the other and we layout precisely the correspondence between them.
At some level this is in the chemistry literature, but we could not find a reference which
did this thoroughly at a high level of generality.

The thesis concludes with another topic, that of ”sign patterns” of the Jacobian of f.
Through various examples, we show sign patterns also have no relation to the deficiency
of a chemical network. Additionally, we extend some known theoretical results on sign
patterns of Jacobians and give an approach and results showing how to proceed on
networks which fail to have a sign pattern.
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1. INTRODUCTION

This paper will treat three topics motivated by chemical reaction networks with mass-
action kinetics; these are commonly known as deficiency, determinant expansions, and
sign patterns. The dynamics of a chemical reaction network are governed by a non-linear
system of ordinary differential equations

dx
it = f(x).

First, we study chemical reaction networks and the two standard ways of representing
f for a chemical reaction network, which we call the Stoichiometric Representation and
the Complexes Representation, and layout precisely the correspondence between the two
systems. A major issue is counting the number of equilibria of the differential equation,
and in particular determining if there is a unique equilibrium. There are two main
hypotheses which insure that a chemical reaction has a unique equilibrium. The most
classical one is known as the deficiency 0 condition, while more recently a condition on
the determinant of the Jacobian of f has been fruitful. Since either of these conditions
on f separately imply that there is a unique equilibria, it is natural to ask: does one
condition imply the other? We demonstrate that the answer is no. Lastly, we extend
some theoretical results on ”sign patterns” of the Jacobian of f, and then show that
sign patterns have no relation to the deficiency of a chemical network.

Remark 1.1. Throughout this work, whenever we refer to a chemical reaction network,
we always assume it has mass-action kinetics (see [CHWprept]) without explicitly
saying so. Mass-action kinetics is motivated by chemistry considerations, and a full
discussion of it is beyond the scope of this work. We refer the reader to [F79] for a
comprehensive account of mass-action kinetics.

1.1. Differential Equations of Chemical Reaction Networks. Our main objective
in each section is to analyze systems of differential equations associated to chemical
reaction networks. To this end, we first consider differential equations that act on the
non-negative orthant, R%, in R%:

(1.1) X f),

where f : R%; — R? The differential equations we will study are when (1.1) has a
special form, and differential equations of this form can be written two different ways
which we now present.

1.1.1. Stoichiometric Representation of a Chemical Reaction Network. A special form
of equation (1.1) above is

(1.2) X @) = Su(a)

where S is an integer d X d’ matrix (commonly referred to as the Stoichiometric ma-
trix), z € Ry, and v(z) = v : RY; — RZ; is a vector consisting of d’ strictly mono-
tonically increasing, smooth functions. Now let U = U(x) := Jacobian(v(zx)) = v'(x), a
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matrix-valued function of partial derivatives of the entries of v(z). In other words, if we

write v(x) = (vy(z),...,va(x))T € RY, then U is a matrix function such that,
8111»

where U;; denotes the entry of U appearing in row ¢ and column j.

For our purposes, we are only interested in the non-zero entries of matriz U. Thus,
we will write the entry of U appearing in row ¢ and column j as Us; iff g;’i # 0 and 0
J

otherwise.
By the linearity of the derivative, we see that in the equation (1.2),
(1.4) f(z) = (Sv(x)) = Sv'(z) = SU

Of particular interest is when the equation in (1.2) has Reaction Form (RF). This
means:

SZ]201foﬂ:()andS”<01foﬂ>0,

where Uj; > 0 means Z—ZZ(:B) > 0 for each x € R%,. Sometimes we will say that the
Stoichiometric matrix S is RF because the entries of U depend entirely on the ma-
trix S. Notice that the RF condition implies each entry of U is non-negative on the
non-negative orthant R%, in R, RF differential equations arise naturally in chemical
reactions as we discuss in Section 2 and give examples. When RF differential equations
do arise from a chemical reaction network, we call this system of differential equations
the Stoichiometric Representation of a reaction network (see §2.2).

We now turn to a different representation of RF differential equations that is commonly
studied in relation to chemical reaction networks.

1.1.2. Complexes Representation of a Chemical Reaction Network. In addition to the
Stoichiometric Representation of a chemical network, another common way of writing
differential equations associated to a chemical network is

d
(1.5) d—f — YA U(z), xeR

where Y is a d X n matrix of integers, A, is a n X n constant matrix such that the entries
in each of its columns sum to 0, and ¥(z) is a vector consisting of n monomials. We
call this system of differential equation the Complexes Representation of a chemical
network (see §2.3).

In Theorem 2.8 and Proposition 2.9 we show that the Stoichiometric Representation
and the Complexes Representation represent the exact same system of differential equa-
tions, and we provide an algorithm for decomposing the Stoichiometric Representation
4 — Sv(z) into the Complexes Representation % =Y A, V(x), and vice versa. Thus, we
are justified in our earlier statement that the Complexes Representation is another way
of writing RF differential equations when such equations arise from a chemical reaction
network. Of particular interest is the number and type of equilibria for these differential
equations. The deficiency 0 method (see §3) is used to analyze equilibria for the Com-
plex Representation, while the core determinant method (see §3) is used to analyze
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equilibria of the Stoichiometric Representation. We now give a brief introduction to
these two methods.

1.2. Deficiency versus Determinant of the Jacobian f’(x)= SU. Two powerful
tools used to analyze equilibria for RF differential equations arising from a chemical reac-
tion network are the deficiency and the core determinant associated to the network.
We now provide some brief definitions and motivation for these two concepts.

Definition 1.2. For the Complex Representation in (1.5) corresponding to a chemical
reaction network, the deficiency of the network is defined to be

dim(kerY NImA,).

Definition 1.3. For the matrices S € R¥>*? U € R¥* described in §1.1.1, with r :=
rank(.S), the core determinant is defined to be

(1.6) cd(S) = lim tdi_rdet(SU —).

Since S is a constant matrix, the expression cd(,S) is a polynomial in the functions U;;(z),
which are the entries of the matrix function U(z) = v'(z) as described in §1.1.1. Hence,
it makes sense to write cd(S) = cd(S)(x) for z € RY,. Also, we will say that cd(S) has a
Determinant Sign (DetSign) iff all the terms in the determinant expansion have the
same sign. Notice that since each entry U;;(z) of matrix U is a non-negative function
on the positive orthant R%,, the core determinant having a DetSign implies cd(S)(z) is
sign invariant for each z € RY,,.

Definition 1.4. Let S be the dxd’ Stoichiometric matrix defined in §1.1.1. A (positive)
stoichiometric compatibility class is a nonempty set of the form Rgo N (ImS + ¢)
for some ¢ € RY,,.

There are two important results regarding the equilibria of a chemical network when
the deficiency of the network is 0 or ¢d(S) has a DetSign. One of the results introduces
a concept called weak reversibility of a reaction network, which we refer the reader to
[GO3] for a full discussion. We state both of these results in the following two theorems.

Theorem 1.5. A weakly reversible mass-action chemical reaction network with defi-
ciency 0 contains one unique equilibrium point in each positive stoichiometric compati-
bility class.

Theorem 1.6. Suppose % = f,(z) := Sv®(z) has reaction form with v*(z) once con-
tinuously differentiable in x and depending continuously on a parameter 0 < b < 1.
Suppose each component vé’(x) is monotone nondecreasing. Suppose M is a compact,

positive stoichiometric compatibility class. Suppose cd(S) has a Determinant Sign.

If there are no zeros fy(x) = 0 for any b and any x on the boundary of M, then the
number of zeros for fy in the interior of M is independent of b.

Theorem 1.5 (see [GO3]) and Theorem 1.6 (see [HKGO8]) reveal that a network hav-
ing 0 deficiency or the core determinant having a DetSign imply similar strong results
regarding the uniqueness of equilibria for the chemical network.
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A natural question to ask is whether the deficiency of a chemical network correlates
to the core determinant having a DetSign; in other words, is there any overlap between
the deficiency 0 condition and the DetSign condition? Surprisingly, the answer is no.
We show that a network having 0 deficiency has no correlation to whether the core
determinant has a Determinant Sign (§3 Ezample 3.8 and 3.9). In the same section, we
also compare deficiency to other determinant variations.

1.3. Sign Pattern of SU = f’(x). The final topic presented in this thesis, see §4,
concerns when the matrix SU described in §1.1.1 is a sign definite matrix [BS95]. The
subject of sign definite matrices considers classes of matrices having a fixed sign pattern
(two matrices are in a given class iff each of their entries has the same sign (or is 0)),
then one studies determinants. In the case of RF differential equations, one approach
to analyzing equilibria for the system is to study the core determinant expansion of SU
described earlier (see [HKGOS8]). In general, one could use sign definite matrix theory
to analyze the determinant of a matrix, but in the case of RF differential equations, the
matrix SU is defined to be a matrix-valued function, and hence, will often not be sign
definite. Nevertheless, we may extend the definition of a fixed sign pattern to the matrix
SU so that sign definite matrix theory would apply. This will be the motivation behind
the next set of definitions.

Definition 1.7. With the notation in (1.3) and (1.4) in §1.1.1, we will say that an entry
of the matrix SU in row ¢ and column j,

d/
k=1

has a sign if S, <0, Vk € {1,...,d'} or Sy > 0, Vk € {1,...,d'}; i.e., (SU);; has a
sign means that it is a non-negative or non-positive linear combination of the entries of
matrix U. The matrix SU is said to have a sign pattern (SP) if each entry of SU has
a sign. Thus, saying that SU has a sign pattern means that every entry of the matrix
SU is a positive or negative linear combination of the entries of matrix U. If an entry
does have a sign, we will say that the sign of that entry is minus (-) if it is a negative
linear combination, plus (+) if it is a positive linear combination, and 0 otherwise. If
an entry happens to be constant, we will still say that the entry has a sign, and it will
be plus, minus, or 0 depending on whether the entry is positive, negative or 0. If two
matrices have a sign pattern, they are said to have the same sign pattern iff every entry
of one matrix has the same sign as the corresponding entry of the other matrix. Here
are a few examples.

Ezxample 1.8. Consider:

U11+U21 0

This matrix has as a sign pattern since the sign of (SU);; is minus, the sign of (SU )9
is plus, the sign of (SU)y5 is plus, and the sign of (SU)q is 0. Now consider:

_Ul~1 + 2[221 Ury + 40Uy }

(1.7) SU - [ —Upy — 22Uz Usy + 4Us» ]

1.8 SU =
( ) |: U11 +U21 0
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Since entry (SU)y; is neither a positive nor negative linear combination of the entries of
U, it does not have a sign, and hence, SU does not have a sign pattern. With all these
definitions, the matrix in (1.7) has the same sign pattern as:

-1 +1
+1 0
|

In §4 Corollary 4.2, we extend results in [HKGOS8] to determine necessary and sufficient
conditions for an entry of SU to have a sign. We also show how under certain conditions,
that sign pattern analysis may still apply to SU even if it does not have a sign pattern.
Finally, we show that deficiency 0 and having a sign pattern are not correlated (see §4.2
Example 4.6 and 4.7).

2. CHEMICAL REACTION NETWORKS

The goal of this section is to provide the necessary background and theoretical results
for comparing deficiency and determinant expansions, which we do in §3.

This section first introduces the basic setup and definitions, accompanied by examples,
of chemical reaction networks. We then study the two standard ways of representing
differential equations arising from a chemical reaction network; we refer to them as
the Stoichiometric Representation and the Complexes Representation. We show that a
system which has one of these representations also has the other, and we layout precisely
the correspondence between them. Also, we provide an algorithm in Proposition 2.4
of how to construct chemical reaction networks when starting with a certain type of
matrix; we use this result repeatedly in §3 when we analyze deficiency versus determinant
expansions.

2.1. Basic Setup of Chemical Reaction Networks. As previously mentioned, cer-
tain classes of chemical reaction networks are modeled naturally by RF systems of dif-
ferential equations. A comprehensive and intuitive account of how differential equations
are built from chemical reaction networks can be found in [F79]. In this paper, we will
be content with only a formal mathematical treatment of chemical reaction networks
and the differential equations associated to them.

Suppose we are given a certain set of chemical reactions R with |R| < co. Set
S ={5,52,...., 5},

the ordered set of all species which occur in all elements (i.e. chemical reactions) in R.
By definition, » € R means

i=1 =1

with ai,ag,...,a,,b1,...,b, € Ry and satisfy a; # 0 = b, = 0and b; #0 = a; =0
for any i,7 € {1,...,n}. Each reaction has exactly one input and exactly one output,
which we call the complexes. Thus, a complex is just a non-negative, integer linear
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combination of species, and we may think of a reaction as a relation on 2 complexes that
is given by an arrow (—). Indeed, the input of a reaction is the complex on the left side
of the arrow, and the output to a reaction is the complex on the right side of the arrow.
In reaction r of (2.1), we have complexes, Y ., a;S;, and > b;S;. We will denote C
as the set of all such complexes. Indeed, since each reaction has exactly one input and
one output, and each complex must contain at least one species, we have the relation,
|S| < |C| < 2|R|. There is a natural injective, map, ¢ : C — Z%, defined by

n

QD(Z aZSZ) - (ala BRI )an>T
i=1
From now on we will identify a complex with its image under ¢; i.e., a complex will be a
vector of non-negative integers determined by its representation as a linear combination
of species. To proceed, let

C={yi v, yr}
be some ordering of the complexes. Also, for each reaction y; — y; € R, 4,5 € {1,...,k},
we associate a positive rate constant x;; € R.g. Sometimes, we shall write r,, .,
instead of k;_.; whenever it is more convenient. Let

K={rimje€Rs:y; = y; € R}

be the set of all reaction rate constants. Thus, |K| = |R| by construction. We will also
insist on two more special properties of R:

(1) y—y &R forany y € C
(2) For every y; € C, there exists y; € C such that y; —y; € Rory; = y; € R
To formalize this setup, we define a chemical reaction network where d species and
n complexes participate in d’ chemical reactions as a quadruple (S,C, R, ) of ordered

species (§), ordered complexes C, reactions (R), and reaction rate constants (IC). As
just described, S,C, R, and K are given by

S ={951,5,,...,54}
C={y1,y2, - Ur} Vi GZ‘éO,i: 1,....k
R ={vi, = Yjr»-- > Yiy — Yjuy» Where y; ,y;, € Cfors t=1,...,d
K={krinjeRso:y; = y; € R}
|
We now present an example of a chemical reaction network.
Ezxample 2.1. Suppose we had the set of reactions,
A+ C = 2D
2D — B + E
B+E — A+ C

Then we let our set of species be,
S = {Sla 527 S3a S47 55}
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with 1 = A, S =B, S3=C, Sy = D, and S; = E. Notice that we have 3 complexes,
Y1 = Sl + 53 ~ (1, 0, 1, O, O)T, Yo = 254 ~ (0, 0, 0, 2, O)T, Y3 = SQ + 55 ~ (0, 1, 0, O, 1)T,
so that our set of complexes is

C= {y17 Yo, 313}
We can write our set of reactions as,
R={y1 — y2,%2 — Y1, Y2 — ¥3,Y3 — Y1}

This means we will only have rate constants k1_.,o, ko_.1, ko3, and k3_,1. Thus,

K= {51627 Ro—1, K23, H3%1}-

Now that we have the basic setup, we want to analyze systems of differential equations
associated to a given chemical reaction network. There are two common ways to describe
such differential equations, and we shall present each of these ways in the following two
subsections.

2.2. The Stoichiometric Representation % = Su(z). Let (S,C,R,K) be an arbi-

ar
trary chemical reaction network, as introduced in §2.1, where we have

S| =d, [Cl=Fk, |R|=|K[=d
Let us write our set of reactions as
R =AY, = Yjrs-- - Yiy, — Yj, }» where y;,y; € Cfors;t=1,....d.
We set S to be the d x d’ stoichiometric matrix:

| | |
S = Yin = Yin Yjo — Yz -+ Yju — Yju

where the ¢’th column of S'is y;, —¥;,, a vector with d components obtained by subtracting
the vectors y;, and y;,.

Before proceeding, let us introduce some convenient notation. For x = (x1,...,14)" €
R? and w = (wy, ..., wy)T € RY we denote,

With this new notation, let v : R* — R% be a vector of monomials with rate constants
given by:

Riy—ji z¥h
K . xyig
v(z) = e
K/id/—>jd/ xyid/
By writing v(z) = (vi(z), ..., ve(z))?, we see that each monomial v;(z) is corresponding

to the reaction y;, — y;, and depends only on the input y;, of the reaction. Also, if we
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write S = (S;;), then the entries of v(x) are completely determined by the entries of S
since a quick observation reveals that we have,
d
(2.2) () = Kiy—j, H glmind0Sndl — . oavie for t =1,...,d.
n=1
The differential equations that we associate to this network of chemical reactions are
precisely,

dz
(2.3) i Sv(z), = €RY,
Differential equations that arise from a chemical reaction network, and are written in
the form of (2.3) are said to be in Stoichiometric Form. The differential equations
% = Sv(z) are said to be the Stoichiometric Representation of the chemical reaction
network. An immediate consequence is that this construction actually gives us an RF

system of differential equations.

Proposition 2.2. The Stoichiometric Representation % = Sv(x) in (2.3) is RF.

Proof. Formal differentiation of formula (2.2) using the power rule (although with a
slight abuse of notation) gives,

d [min{0,Snt }|
) P
Uy = 2 — oy lminf0, 8,y o=t 2

61’]‘ l’j
Hence, U; = 0 iff Sj; > 0 and Uy; # 0 iff S;; < 0. This is precisely the definition of an
RF system.
|

Ezxample 2.3. We now present a concrete example taken from [CFO06] of writing the
Stoichiometric Representation of a chemical reaction network.

Consider the chemical network of reactions among species A, B, M, N, R, X, Y, and Z :
(2.4) A+ M=X,B+N=Y -2A+N,B+X=7Z—R+M
Our ordered set of species (S), complexes (C), and reactions (R) are precisely
S={A,B,M,N,R, X,Y, Z}
C=A{y1,92,...,ys} with
y1=A+ M~ (1,0,1,0,0,0,0,0)" 5o = X ~ (0,0,0,0,0,1,0,0)"
y3 =B+ N ~(0,1,0,1,0,0,0,0)",ys = Y ~ (0,0,0,0,0,0,1,0)"
ys = 24+ N ~ (2,0,0,1,0,0,0,0)", ys = B+ X ~(0,1,0,0,0,1,0,0)"
y: = Z ~(0,0,0,0,0,0,0,1)", ys = R+ M ~ (0,0,0,0,1,0,1,0)"
R=A{y1 © y2,Y3 & Ya, Y1 = Y5, Yo = Y7, Y7 — Ys}

where ~ denotes the image of a complex under the map ¢ in §2.1. Direct computation
shows that our Stoichiometric matrix S is

| | | | | | | |
S= =Y Vi—Y Ys—Ys Ys—Ya Ys—Ys Y7r— Y6 Yo — Y71 Yz — Yz
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[ —1 1 0 0 2 0 0 0 7
0 0o -1 1 0o -1 1 0
-1 1 0 0 0 0 0 0
B 0 0o -1 1 1 0 0 0
N 0 0 0 0 0 0 0 1 ’
1 -1 0 0 0o -1 1 0
0 0 1 -1 -1 0 0 1
. 0 0 0 0 O 1 -1 -1 ]
and our vector v(x) with x = (xy,...,2s)" is given by
[ Kapm—xa¥t ] [ Karm—xT173 ]
RX—A+MTY? KX —A+MT6
KB+N—y T KBN—Y T2l
o(z) = /fYHBJrnyyt _ KY B+N7
Ry -244NT Ry 244 NT7
KB4X—zxY KB+ X—2ZT2X6
Kz—B+xT’ KZ—B+XT8
| Kz—RrymT’" | | KZ-R+MTs

The differential equations in Stoichiometric Form associated to this chemical network
are precisely 2 = Sv(z).

In fact, we actually have a converse to Proposition 2.2 that will allow us to construct
numerous RF systems of differential equations that correspond to chemical reaction
networks when we start with a certain type of matrix.

Proposition 2.4. Let S € Z%¥ | o dx d' matriz over the integers such that each column
of S contains at least one positive and one negative entry. Then there exists a vector
valued function v : Rgo — R such that the system of differential equations,

dx
pri Sv(z)

1s RF and is the Stoichiometric Representation of some chemical reaction network.

Proof. Let S be as in the statement of the Proposition. Write S = S, —S_ where S, S_
have non-negative entries given by

i S Py
(S4)ij = {Sl if 55 > 0 and (S>z’j:{ Sy if S5 <0

0 otherwise 0 otherwise

Our assumptions imply that each column of Sy, S_ is nonzero. Let S = {S,..., Sy} be
an arbitrary collection of species. Define the map ¢ : Z? — span,S by

d
o(a) = Zaisi for a = (ay,...,aq)" € Z°

i=1
Let {yi, ..., i, } be the ordered columns of S_ and {y;,, ..., y;. } be the ordered columns
of S4. By construction, the t'th column of S is precisely y;, — v;,. Now, identify the
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columns of S, and S_ with their image under ¢. Let R be the set of reactions,

R = {yh _>yj17"‘7yid/ - yjdl}

If we let I be the set of rate constants that correspond to these reactions and C :=
{Yir, - Y, Yirs - - - Yy} be the set of complexes, we have a chemical reaction network
given by (S,C, R,C) whose Stoichiometric matrix is precisely S. Proposition 2.3 shows
that the system of differential equations % = Sv(z) for z € R, as constructed in (2.3)
is RF.

Differential Equations in Stoichiometric Form share many nice properties, and are
studied extensively in the chemical literature. One may refer to [Pa06] and [F79] for
some examples of these.

There is another way of representing this system of differential equations associated
to a chemical reaction network, which has other significant properties. This will be the
topic of the next section.

2.3. The Complexes Representation % = YA, U(x). Let (S,C,R,K) be an arbi-

trary chemical reaction network as presented in §2.1, where we set
d=|S|, k=|C|, d'=[R|=|K|

Now let Y : Rl — RISI be the matrix defined by

Y = Y1 - Yk

As described before, each reaction, y; — y;, ¢,7 € {1,...,k} has a corresponding rate
constant #; ;. Now let A : RI°l — RI’l be a matrix defined by:

Ri—j if Yi — Yj ER
Ajj = )
0 otherwise

where A;; is the entry in row ¢ and column j of matrix A. Notice that our restrictions
on what types of reactions are permissable imply that A will have 0’s along its diagonal.
Now define the matrix A, : RIl — RI€l such that,

A, = AT —diag(A- 1),

where 1 is a vector with |C| components consisting of 1’s, and for any vector v =
{vi,...,v,}T € R", diag(v) is an n x n matrix defined by,

v; ifi=j
0 otherwise

(diag(v))i; = {
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Thus, diag(A - 1) is a matrix with row sums of matrix A along its diagonal and 0’s
everywhere else. Indeed the entry in row ¢ and column j of matrix A, is:

Kjoi ifit#jandy; = y; € R
(A =40 if i £ jand y; — y; € R
—Sl A, ifi=
Finally we let ¥(z) : R® — RI€I*! be the vector of monomials defined by:

Iyl
x¥?
\IJ(x) = . )
where z = (z1,...,2,)", and we consider the differential equations,
d
(2.5) d—f = YA, U(z)

This system is well-defined since Y is a |S| x |C| matrix, A, is a |C| x |C| matrix and
U(z) is a vector with |C| components. Differential equations associated to a chemical
reaction network that are constructed as in (2.5) are the Complexes Representation
of the chemical reaction network. W

Remark 2.5. In the above construction, we must always pick an ordering for the com-
plexes and species to proceed. For example, if we had the reaction,

2H + O — HQO,

we could label the species as S7 = H, S = O, and S3 = H,0O. Picking an ordering is
always a matter of preference, and there is no unique way to do it. Indeed we could
have ordered the species above as S; = O and Sy = H. Thus, two people may pick
different ordering and then come up with different matrices Y and A,, but any two such
constructions for the same set of chemical reactions will have the same Y, A, and ¥(x)
after row and column permutations, and will always yield the same system of differential
equations.

We now present an example to illustrate such a construction.
Ezxample 2.6. Suppose we had the set of reactions,
A+ C=D
D —- B+ E
B+E —- A+ C

Then we let our set of species be,
S - {Sla S27 537 S47 55}

with S1 = A, Ss =B, S3=C, Sy = D, and S; = E. Notice that we have 3 complexes,
y1 = S1+ 93, yo = Sy, y3 = Sy + 55, so that our set of complexes is,

C= {yh Y2, ?/3}
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We now have our set of reactions as,

R={y1 = ¥2,Y2 = Y1, Y2 — Y3, Y3 — Y1}

This means we will only have rate constants ki_s, ko1, ko3, and k3_,;. Hence our
matrix A is,
0 K12 0
A= Ro—1 0 K23
K31 0 0

A simple matrix computation gives:

—Ri1-2 Ko—1 R3—1
T .
A, =A" —diag(A-1) = K1 —Ko 1 — Ko_.3 0
0 Ko-3 —R3-1

We also have,

r.<

I
OO = O =
o= O oo
_—0 O = O

Another quick computation gives,

Tr1T3
ToXy ]

Thus, the Complexes Representation of this chemical reaction network is precisely:

day

p —K1592T123 + K3109%5 + Koy
dr ?Z Ko3T4 — K31T2T5
a = ji_t = YAH\IJ(I') = —K1-221%3 + K31T2X5 + Ko_,1T4
T K12%103 — K2 174 — K2 .34
& K2—3T4 — K3—1T2T5

dt

One may also check that the Stoichiometric Representation of this network is

-1 1 0 1
0 0 1 -1 R1-2X1723
d
(2.7) ol 1 0 1 M1 Ta gy ()
K3—122T5

0 0 1 -1

and this yields the same system of differential equations as the Complexes Representa-
tion. M

Notice that in the above example, v(z) looks almost like ¥(z) but with rate constants
attached to monomials, and the columns of matrix S in (2.7) are linear combinations of
the columns of matrix Y in the Complexes Representation. This is not a coincidence;
that is, for arbitrary chemical reaction networks, we will always have

(2.8) Z—f = Sv(z) =Y A,V (z)
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and the final results in this section will tell us exactly this. First, some definitions are
needed.

Definition 2.7. Let (S,C,R, k) be an arbitrary chemical reaction network. For each
complex y; € C, we denote the multiplicity of the complex as
B =card({y; € C:y; — v € R}).
Indeed, the multiplicity of a complex is the number of reactions in the network where
the complex serves as an input to the reaction. Thus, complexes that are outputs to
a reaction, but are not an input to any reaction have multiplicity 0. For example, if
we had the set of reactions {A — 2B,A + C = 2D,2D — B + E,B + E —
A + C }, then the multiplicities of the complexes A, 2B, A+C, 2D, B+E are 1,0,1,2,
and 1 respectively. It follows immediately from our definition that
Ic|

> B =Rl
j=1

Also, for each j = 1,...,|C| we will write {y; — v;,,....y; — yjﬁj} for the set of
reactions corresponding to complex j. Our definition allows such a set to be empty.

With the notion of multiplicities, we can develop a more convenient form for writing
the Stoichiometric Representation of a chemical reaction network.

Let 4 = Sv(z) be the Stoichiometric Representation of the chemical reaction network.
Recall that the columns of S correspond to the reactions of the network, and that
if we order the reactions differently, we will just be permuting the columns of S and
the corresponding entries of v(x) without changing the actual system of differential
equations. With this in mind, let C = {y1,...,y,} be the ordered complexes for the
reaction network. Denote 3; := multiplicity of y;, and let B; be the |S| x 3; matrix
given by

| | |

Bi:= Y=Y Y=Y - Yis, ~Yj
| | |

and let vp, € R denote the vector

”
Ky —y;, T
v;
Kyjﬂyhx !
’UB]. =
Koo sny. XY
Yj yj@j
for y =1,...,n. If we order our set of reactions as

R:{yl — Y501 _>y1517"'7yj_>yj17""yj_>yj@j7"'7yn_>yn17"'7yn_)yn5n}7
then S and v(x) are precisely

UBl
S=[B1 By ... B,], v(z)=
UBn

In this case, S and v(x) we call a Stoichiometric Canonical Form.
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Theorem 2.8. Let (S,C,R,K) be a chemical reaction network. Suppose % = Sv(x)

is the Stoichiometric Representation associated with the chemical network, and let ‘é—f =
YA,V (x) be the Complexes Representation of the chemical network. Then

Z—f = Sv(z) = YAV (x).

Proof. Let C = {uy1,...,yn} be the ordered complexes for the reaction network. Denote
B; = multiplicity of y;, and let B; be the |S| x §; matrix given by

| | |
Bij:= Y =Y Y=Y - Yis, ~Yj
| | |

and let vp, € R% denote the vector

Kyjﬂyh x%
Hyj_’yjz ol
’UB]. =
/iyﬁyjﬁj xYi
for j =1,...,n. Thus, the Stoichiometric Canonical Form of S and v(x) is given by
UB,
S:[Bl BQ Bn},’U(I>:
an
By direct calculation, we have
n n B
(2.9) Sv(w) =D Bivg, = 3 > Fuy, @ (U5 — Vi)
j=1 j=1 i=1

Let A,, = (a;;) be as in the Complexes Representation of the chemical reaction network,
and denote oy, ..., o, as the columns of A, written symbolically as a; = (ay;, . .. ,anj)T.
Then by definition,

> Ky, —y;, ifi=jy
()i = ag; = Ky;—y;, if i = jj, for some k € {1,...,5;}
0 otherwise

Direct computation of Y, which is precisely the j'th column of Y’ A, gives

| | Bj B;
Yoj= |y - Un |j=(— Z ’iyj*yji)yj ™ Z Fyj—y;, Y
i=1 i=1

Bi
= Z Ry;j—uyj, (yji - yj) =7
=1
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Thus, the computation of YA, W(x) gives

| | o n

YAY(Z)=| 7 . T : = nyj%

| e ] S

n Bj n B

= Z e Z Koy, Wge — Y5) = Z Z Koy, 0 (Y — yj) = Sv(x)
j=1 =1 j=1 i=1

where the last equality follows directly from (2.9). B

In many situations, it is more useful to have an explicit algorithm to decompose the
Stoichiometric Representation of a chemical network into the Complexes Representation
of a chemical network, and vice versa. The proof of the following proposition tells us
precisely how to do this.

Proposition 2.9. Let (S,C,K,R) be an arbitrary chemical reaction network with
dx
— = Sv(z) =Y A V(x)
dt

as its Stoichiometric and Complezes Representation. Then there exists a |C|x |R| matriz

G and a |R| x |C| matriz Ky such that

Z_j =YGKoU(z) withYG = S, GKo = Ay, and KoV (z) = v(z).

Moreover, we may take G to be a matriz consisting of entries in the set {—1,0,1}, and
Ko as a block diagonal matriz (whose blocks are actually vectors) consisting of 0’s and
rate constants.

Proof. Let C = {y1,...,yn} be the ordered complexes for the reaction network. Denote
B; = multiplicity of y;, and let B; be the |S| x ; matrix given by

| | |
Bji= | Yn =Y Yp—Y - Yis, ~Yj
| | |

and let vp; € R% denote the vector

Hyj_’yh g
Ky, —y;, xYi
UBj =
/fyj_,yjﬁj xYi
for j =1,...,n. Thus, the Stoichiometric Canonical Form of S and v(x) is given by
UBl
S:[Bl BQ Bn}7?}<l’):

UBn
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Each column y;, —y; fori = 1,...,3; of B; is a linear combination of two columns of Y’
and hence, is given by y;, —y; = Y7 where v := {7/, ... ,”yllé‘}T is a column vector of
0’s, 1’s, and -1’s given by
1ifk =
W= Litk =3
0 otherwise
Set

2j

Lji= [y, ]

so that we have the equality

The matrix G is row obtained as
G:=1[I,....T,],
a |C| x |R| matrix with entries in {—1,0,1} and we have the computation
YG=[YTy,...,YT,| = [Bi,...,B)] = S.

Let A, = (a;j) be as in the Complex Representation of the chemical reaction network,
and denote v, . .., a, as the columns of A, written symbolically as a; = (ayj, ..., an;)".
Then by definition,

Bj o .
> Ky —y;, ifi=j
()i = ai; = Ry;—y;, if i = jj for some k € {1,...,5;}
0 otherwise

By construction, we have the calculation

Kyj Y5

Ky —sq:
Yj y]@j
foreach j =1,...,n.

Now, we turn to the matrix Ky. We let IC; be a column vector with ; entries given
by

Ryj—y;
]Cj = :
Fyi—vig,
for each j = 1,...,n. Note that our definition of multiplicities allows for ; to be an
empty vector. Since » 7, f; = |R/|, the matrix
Ki 0 ... Og
Ky e 0'52 IC.Q 0?2
0, 03, ... K,

is a |R| x |C| block diagonal matrix consisting of rate constants and 0’s, where 05, denotes
a O-vector with (3; entries. At this point, we have an important remark: If 3; = 0 for
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some j € {1,...,n}, then the rows corresponding to K; will not appear in the matrix
KCo above. In this case, column j will still appear and it will consist entirely of 0’s.
A direct computation now shows
g’CO — [FllCl, e ,FnlCn] - AR.

Our final computation gives

JCpa vB,
KoV (z) = : = : = ov(z).
KCpavn v,
Hence, we have
0~ Su(r) = YOKoU(r) = Y AU (x),

and this completes the proof. B
We now provide an example illustrating the use of Proposition 2.9.

Ezxample 2.10. This example gives an explicit computation using Proposition 3.9 in de-

composing the Stoichiometric Representation (% = Sv(x)) into the Complezes Repre-

dt
sentation (% =Y A, ¥(z)).

Suppose we had the set of reactions,
A—- B A—-CA—D
B—-CB—A+D
C—A+D

The ordered species for this network are
S={AB,C, D}
Hence, the set of complexes, reactions, and rate constants are precisely
C = [y =(1,0,0,0",y2 = (0,1,0,0)", y3 = (0,0,1,0)", 4 = (0,0,0,1)", y5 = (1,0,0,1)"]
R={y1 = Y201 = Y3, Y1 = Y0, Y2 = Y3, Y2 = Y5, Y3 — Y5}
K = {Kyi—yas Byr—ys By —yas Bya—ys Fya—yss Kys—ys §

With the notation in the proof of Proposition 3.9, we have I'1, 5, I's, G, KCy given by

-1 -1 -1 0 0 0
1 0 0 -1 -1 0
Iy = 0 1 0 , o = 1 0 Js= 1 —1
0 0 -1 0 0 0
0 0 0 0 1 1
-1 -1 -1 0 0 0
1 0 0O -1 -1 0
G = [}, T, Ty] = 0 1 -1,

o OO
SO =
|
—_
o
o O
o
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[ Kyyy O 0 0 07
Fypoys O 0 00

I R 0 0 0 0
Ko = 0 Kypoys O 00
0 Ky O 00

0 0 Fysoys 0 0

We also have Y and ¥(x) as in the Complexes Representation of the reaction network
given by

10001 il
01000 2
Y=1lg90100] Y@= 2
00011 T4
T1T4

A quick matrix computation for S, A,, v(z) as in the usual Complexes and Stoichiometric
Representation shows

S=YG, A, =GKy, v(z) =Ko¥(z).
|

Now that we know the Stoichiometric Representation and the Complexes Represen-
tation are the exact same system of differential equations, perhaps there are other prop-
erties that are shared between these two decompositions. One of the most important
properties is the number of equilibrium points of a differential equation associated to a
chemical reaction network. This will be the topic of the next section.

3. DETERMINANT EXPANSIONS VERSUS DEFICIENCY

We now turn to various methods used to analyze equilibria of differential equations
arising from chemical reaction networks. Indeed, for those who are familiar with chemical
network theory, determinant expansions (see [HKGO08]) are commonly used to analyze
equilibria for the Stoichiometric Representation, and deficiency (see [GO03]) is used to
investigate equilibria of the Complexes Representation. Since these two representations
exhibit the same system of differential equations as shown in Proposition 2.9, one might
expect a relationship between determinant expansions and deficiency since both of these
tools are used to determine unique equilibria for the differential equations as shown in
the Introduction.

In this section we examine determinant expansions and deficiency with concrete ex-
amples to show that they are unrelated when it comes to investigating equilibria for a
chemical network.

3.1. Determinant Expansions versus Deficiency. In this subsection, we provide
examples that suggest determinant expansions and deficiency are generally unrelated
when they are used to analyze equilibria of systems of differential equations associated
to chemical reaction networks. Before doing so, we provide the necessary background
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definitions. Some of these concepts were introduced in §1, but we present them again
here for the reader’s convenience.

For this section, we will employ the terminology used in Gunawardena’s paper [G03,
§3]. Let {S,C,R,K} be an arbitrary chemical reaction network as defined in §2. For
the Stoichiometric matrix S as defined in §2, the quantity rank(S) is commonly referred
to as the dimension of the stoichiometric subspace. Now, let 3,y € C and say
that y is directly linked to vy, denoted y « v’ if either y — ¢y € Rory — y € R.
By definition, if y «<» ¢’ then ¢’ <> y. Now take the reflexive, transitive closure of < to
obtain an equivalent relation.

Definition 3.1. If 3,9/ € C then y is said to be linked to 3/, denoted y ~ 3/, if either
y =1 or there are y1,...,y, €ECsuchthat y =y < yo = - =y = 9.

The equivalence classes of complexes under ~ are termed linkage classes. For ex-
ample, the set of reactions {A = 2B,A+C = D,D - B+ E, B+ E — A+ (C}
has 2 linkage classes: {A,2B} and {A+ C, D, B+ E}. A vital tool used to determine
unique equilibria in certain affine subspaces of R¢ (see [G03]) is called the deficiency
of a reaction network. In the Complexes Representation % = Y A, ¥(x), the deficiency

of a chemical network is defined to be “
deficiency := dim(kerY NImA,).
An important result regarding the deficiency is a useful bound given by
0 < deficiency < n —1[ —s,

where n is the number of complexes, [ is the number of linkage classes, and s is the
dimension of the stoichiometric subspace [G03]. For convenience, we will refer to the
quantity n — [ — s just described as the topological deficiency (top. deficiency) of
the chemical network. A useful result is that deficiency = top. deficiency whenever top.
deficiency equals 0 or 1, which we state here in the following Lemma (see [G03]).

Lemma 3.2. Suppose the topological deficiency for a certain chemical network is 1 or
0. Then deficiency = topological deficiency for the network.

We now present a result that will allow us to construct new chemical reaction networks
from old ones, and whose deficiency and top. deficiency are equal.

Proposition 3.3. Let {S,C,R,K} be a chemical reaction network with Stoichiometric
and Complexes Representation given by % = Sv(z) =Y A,V (x) as described in previous
sections. Suppose that the deficiency of the network is either 1 or 0. Then any chemical
reaction network corresponding to the stoichiometric matriz

S 0 ... 0
. oS ... 0
S=1. . . .
0o 0 ... S

where 0 is a |S| X |R| matriz of 0’s, has a topological deficiency that is equal to its
deficiency.
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Proof. Suppose {S,C,R,K} is a chemical reaction network with Stoichiometric and
Complexes Representation given by % = Sv(z) = YA, U(z) as described in previous
sections, and assume that the deficiency of the network is 1 or 0. Let d = |S|, d' = |R|,
n = |C|, I be the number of linkage classes for the network, and s as the dimension of
its stoichiometric subspace. Let ¢; and d; by the topological deficiency and deficiency of
the chemical network respectively. Fix k£ € N, and let {5’ .C, R, I@} be a new chemical

network given by Proposition 2.4 whose dk x d'k Stoichiometric matrix S is

S 0 ... 0
- oS ... 0
S = : : .. : ’
o o0 ... S

where 0 is a d x d’ matrix of 0’s. Let % = Y A, U(z) be the Complexes Representation
for the new network. By construction, Y is a nk x nk matrix given by

Yy o ... 0
- oY ... O
Y=\ . . . s
0O 0 ... Y

where 0 is a n X n matrix of 0’s. We also have

A. 0 ... 0
- 0 By ... 0
AH: . . . . bl
0 0 ... By,

where 0 is a nxn matrix of 0’s and B; is a n xn matrix of rate constants, and has the same
sign pattern as A, for eachi=1,...,k — 1. Let t5 and ds be the topological deficiency
and deficiency for this new network. By construction, the new chemical network has
kn complexes, kl linkage classes, and ks as the dimension of its stoichiometric subspace
= to =kn —kl — ks = k(n —1— 1) = kt;. Notice, basic linear algebra on direct-sum
decompositions tells us

k-1
(3.1) dim(kerY NImA,) = dim(kerY NImA,) + » _ dim(kerY NImB;).

i=1
If we consider a chemical network with Complexes Representation i—f = YB;V,(z) for
each i =1,... k — 1, then its Stoichiometric matrix is S, and its topological deficiency

is n—1—s =t by construction = dim(kerY N ImB;) = ¢; by Lemma 3.2. Thus,
dy = dim(kerY NImA,) = kt; = t5 using equation (4.1), and this is the desired result.

We now provide a brief introduction to determinant expansions, which are relevant to
studying the Stoichiometric Representation.
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Let A = (a;j) be an n x n matrix, and S, be the permutation group with n elements.
Recall that the determinant of A is given by,

det(A) = sgn(o) Haw@')

O'ESTL

where sgn : S,, — {—1,0, 1} is the usual sign function for a permutation. In the case of
RF differential equations, the determinant of matrix SU described in the Introduction
is usually 0 since SU is a sparse matrix. However, there are useful variants of the
determinant, see [CF05], and [HKGO08], which do give meaningful results. We present
them here.

Definition 3.4. The Craciun-Feinberg determinant expansion [CF05] is defined to be
cfd(S) := det(SU — tI)with ¢ fixed, e.g. t = 1.

Definition 3.5. Another important computation that is used to analyze equilibria for
a chemical network is the core determinant (see [HKGO08, §3.2]). For the matrices
S € R U € R¥*? defined in §1, with 7 := rank(S), the core determinant is defined
to be

. 1

Note that since S is a constant matrix, the expression cfd(S) and cd(S) is a polyno-
mial in the functions U;;(z) which are the entries of the matrix function U(z) = v'(z)
as described in Introduction 1.1. Thus, we will say that cfd(S) and cd(S) has a De-
terminant Sign(DetSign) iff all the terms in the respective determinant expansions
have the same sign. Results regarding the connection between cfd(S) or c¢d(S) having a
DetSign and the type of equilibria for the chemical network can be found in [CF05] and
[HKGOS).

The two situations of ¢d(.S), c¢fd(S) having a DetSign and the network having defi-
ciency 0 have important consequences regarding the equilibria for the reaction network
as shown in the Introduction. Nevertheless, the next few examples will show that cd(5),
cfd(S) having a DetSign have no relation to the deficiency of a chemical network.

Ezample 3.6. The next two examples show that cfd(S) exhibiting a DetSign has no re-
lation to a network having deficiency 0. First, we give a network where cfd(S) has a
DetSign and the deficiency of the network is 1. Then, we provide an example where
cfd(S) has a sign, but the network has an arbitrarily large deficiency.

Consider the chemical network,

A—- B, 2C—-D, D—-FE C—FE

A+B—(C, 3A — 4B
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The stoichiometric matrix S and the matrix U = v'(c) for this chemical network is given
by,
-1 -1 0 0 0 =3

1 -1 0 0 0 4
S = o 1 -2 0 -1 0
o 0 1 -1 0 0
0O 0 0 1 1 0
kap 0 0 0 07
cgkarp—>c cakaip—>c 0 0 0
U — 0 0 200k20_>D 0 0
0 0 0 kp_<g 0
0 0 ko~ 0 0
| 36?4k3A_>4B 0 0 0 0 _

Then the determinant of SU — I with I being the 6 x 6 identity matrix is given by,
Cfd(S) = D€t<SU - I) =—1—Fkasp— 9C,24k73A7>4B — cakayrp—>c — cBkarB—>C
—2¢aka—spkasp-sc — 21 ksa—sapkarp—sc—
koc—sg —ka_sBkc_>p — 96124k3A7>4Bka>E
—cakayp->ckc—>g — cgkayp>cko->p—
2cpka—>pkasB—>cko—>p — 21C?4k3A7>4BkA+Bf>Cka>E
—dcckac—»p —4ccka—spkac—>p—
36¢%ccksa—sapkac—sp — 4cacckayp-sckac—sp
—dcpeckayp->ckec—>p — 8cacckaspkayp sckac—>p—
84C?ACC]€3A7>4BkA+Bf>Ck2cf>D —kp >p—
ka—spkp_sp — 9hksa_sapkp_sp — cakasp_>ckp_sp—
cgkayB->ckp->p —2cAka_>Bkaip >ckp->E
—21¢ksa-sapkayp->ckp-sg — kc—spkp->p—
ka-s>Bkc->gkp->E — QCQAkSA—>4BkC—>EkD—>E
—cakayp->cke—>gkp-_sE — cBkarB—scko-spkp_~g—
2caka—>pkarp->cko->gkp->E
—21c% ksa—sapkayp->cko—spkp->g — dcckac—spkp—sp—
Acka_spkac—spkp—sp — 36¢%cksa—sapkoc—spkp—sp
—dcacckarp->ckac—>pkp->Ep—
depeckayp->ckec->pkp->g — 8cacka_spkarp->ckac—>pkp->E
—84¢% cksa—sapkarp—sckac—>pkp—sE

A quick observation reveals that each term in the above computation has a negative
coefficient, and this means cfd(S) has a DetSign. However, this system has 9 complexes,
3 linkage classes, and the dimension of its stoichiometric subspace is 5. Thus, the
deficiency of the network is 9 — 5 — 1 = 1 by Proposition 3.3. This example may be

extended to show that we may have chemical networks with an arbitrary deficiency, and
still have a DetSign. B
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Ezample 3.7. Here, we show how cfd(S) may have a DetSign, but the deficiency of the
network is arbitrarily large.

So fix k € N. Let S be the Stoichiometric matrix in the previous examples, and let U
be the corresponding 6 x 5 matrix written symbolically as,

[ Unn 0 0 0 07
U21 U22 0 0 0
0 0 Uss O

0 0 0 Uy
0 0 Uss O
| Usy O 0 0

Now consider the chemical network corresponding to the 5k X 6k Stoichiometric matrix
S given by,

o O OO

S0 ... 0
los ..o
S:::'..

00 ..5

where 0 is a 5 x 6 matrix consisting of all 0’s. If we consider the differential equations
4 — Sv(z), then the Jacobian U = o'(x) will be a 6k x 5k matrix written symbolically
as,

v, 0 ... 0
- o U, ... 0
uv=1 . . . :
0 0 ... U

where 0 is a 6 X 5 matrix consisting of all 0’s, Uy = U, and Uj is a 6 X 5 matrix with the
same sign pattern as U. Matrix multiplication gives SU as a 5k x 5k matrix represented
in block diagonal form as,

stU; 0 ... 0
-~ 0o SU, ... 0
SU = : : .. :
0 0 ... SU,

where 0 is a 5 X 5 matrix consisting of all 0’s. Elementary properties of determinants
gives us the direct computation,

SU, — I 0 0
~ - 0 SU, —I5 ... 0
cfd(S) = det(SU — Iy,) = : : . : =
0 0 oo SUp — I

k
= [[ det(sU; — I5)
i=1
Since det(SU — I) has a DetSign as shown in the previous example, then det(SU) also
has a DetSign by the above computation since the DetSign only depends on the sign
pattern of U and not the actual entries of U. However, our construction shows that
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this system has 9%k complexes, 3k linkage classes, and the dimension of its stoichiometric
subspace is bk. Hence the deficiency of this network is 9k — 3k — 5k = k by Proposition
3.3. 1

We now turn to examples involving the core determinant.

FExample 3.8. In the next two examples, we will show that the core determinant having
a DetSign has no relation to the deficiency of a chemical network. That is, we will
find chemical networks whose core determinant has a DetSign, and the deficiency of
the network is 1. Then we construct a network such that c¢d(S) has a DetSign, but the
deficiency of the network is arbitrarily large.

Consider the chemical network,
A+F—-BA+B—-C,C+F—D,D—FE+F
C —FE

We denote ¢ = {ca,cp,cc,cp,cg,cr} as the vector of chemical concentrations. The
stoichiometric matrix S and the matrix U = v'(c) for this chemical network is given by,

r—1 -1 0 0 0 7
1 -1 0 0 0
0 1 -1 0 -1
(3.3) S = 0 0 1 -1 0
0 0 0 1 1
10 -1 1 0 |
(3.4)
crkair—>B 0 0 0 0 cakarr->B
cgkayp->c cakayp->c 0 0 0 0
U= 0 0 2cccrkp_sEtr 0 0 ckp_spir
0 0 0 ko opip 0 0
0 0 kc_sE 0 0 0

A computation in Mathematica shows rank(S) = 4, and the core determinant for this
network is given by,

1 .1
cd(S) = 11_{% #deet(SU —tl) = 11_{% wjdet(SU —tl) =

2 2 2
2cycrkarr—sBkayp->ckp_opip +2cacpcocrkarr—spkayp—>ckp_spip
2 2 2
+dcacocrkarr->Bkayp->ckp <pip + Cikarr—>BkarB->ckp-spirko—E
+cacgkarr—sBkayp—>ckp—se+rkc—p + 2cacrkarr—sBkayp—>ckp—sptrko—Eg

+2cactkasr->pkarp-sckp_spirko—p
The coefficients of all the terms in cd(S) are positive and thus, the core determinant
for this network has a DetSign. One may even compute the Craniun-Feinberg deter-
minant to see that it too has a DetSign. Nevertheless, this network has 8 complexes
(A+F B,A+B,C,C+F D,E4+F,E), 3 linkage classes, and the dimension of the stoichio-
metric subspace is 4. Thus, the deficiency for the network is 8-2-5 = 1 # 0 by Proposition
3.3. 1
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We may now extend this example to find a chemical network with an arbitrary defi-
ciency size, but whose core determinant still has a DetSign.

Ezxample 3.9. Here, we find a chemical network such that c¢d(S) has a DetSign, but the
deficiency of the network is arbitrarily large.

Fix k € N. Let S be the 6 x 5 matrix in (2.12), and U be the matrix in (2.13) written
symbolically as,

Ui 0 0 0 0 U
Uy Uy 0O 0 0 O
U= 0 0 Uss 0 0 Uss
0 0 0 Uux O 0

0 0 Uss 0 0 O

By Proposition 2.4, there is a chemical network corresponding to the 6k x 5k stoichio-
metric matrix S given by,

S0 ... 0
o los ..o
S:::'..

00 .. 8

where 0 is a 6 x 5 matrix consisting of all 0’s. If we consider the differential equations
= Sv(x), then the Jacobian U = v'(z) will be a 5k x 6k matrix written symbolically

as,

v, o0 ... O

- o U; ... 0

U= S .

0 0 ... U
where 0 is a 5 x 6 matrix consisting of all 0’s, U; = U, and U; is a 5 x 6 matrix with
the same sign pattern as U for each i = 2,... k — 1. Since r := rank(S) = 4, and
the rank of a block diagonal matrix is the sum of the ranks of the diagonal blocks,
then rcmk(g) = 4k. Thus, using elementary properties of determinants and matrix

multiplication gives us cd(S) as,

1
cd(S) = lim ——det(SU — tIg,)

110 Fok—ak
SU; —tls 0 0
1 0 SUy —tlg ... 0
= lim e (6h—ak : : :
0 0 .. SU, —tl

= hm— Hdet (SU; — tl5)

= : (lim — det SU; — tIs)) = (cd(S))",

t—>0

where the last equality follows if we consider ¢d(S) as depending only on the sign pattern
of U and not the particular entries of U. Hence, cd(S) = (cd(S))* has a sign since cd(S)
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has a sign using the computation in the previous example. Nevertheless, this system has
8k complexes, 3k linkage classes, and the dimension of its stoichiometric subspace is 4k
= the deficiency of the network is 8k — 3k — 4k = k by Proposition 3.3. B

These examples suggest that even though the deficiency 0 method and certain proper-
ties of Determinant Signs yield similar conclusions regarding the uniqueness of equilibria
of a chemical reaction, deficiency and Determinant Signs have no relation to each other.

Besides comparing determinant expansions and deficiency, one may wonder if the sign
pattern of SU has any bearing on the deficiency of a chemical network. In the next
section, we extend some matrix theoretic results regarding the sign pattern of SU, and
then show that sign patterns and deficiency have no relation.

4. SIGN PATTERN OF f'(x) = SU

In this section, we determine precisely when an entry of SU has a sign as described
in the introduction. We then show how in certain situations when SU does not have a
sign pattern, we may study an associated matrix that does have a sign pattern, and use
sign definite matrix analysis on this new matrix to gain information on the determinant
of SU. Finally, we provide examples to suggest that SU having a sign pattern has no
relation to the deficiency of a chemical network.

4.1. Conditions for SU having a Sign Pattern. Here, we give concrete conditions
to determine when an entry of SU has a sign.

First, in order to analyze the sign pattern of SU, we need some necessary conditions.
These conditions are succinctly encompassed in [HK08, §3.1] and we state them here for
completeness.

Proposition 4.1. Suppose S satisfies RF.
(1) All the diagonal entries of SU are negative linear combinations of the Us;.

(2) SU admits a sign pattern (that is, each of its entries is a positive or negative linear
combination of monomials in U;;) iff the matriz S does not contain a 2 x 2 submatriz

with the same sign pattern as
+1 -1 -1 -1 -1 -1
(4.1) [ -1 -1 } [ +1 -1 } or { ~1 +1 } ‘

Proof. Diagonal entries of SU are of the form Zj Si;Uji. Since Uj; = 0if S;; > 0, (SU);;

is a negative linear combination of certain Uj;.

Write S = S, — S_ for real matrices S,, S_ with nonnegative coefficients. The
(i, j)th entry of SU does not have a sign pattern iff (S, U);; # 0 and (S_U);; # 0.
(S_;_U)Z'j = Zk(s_:,_)ikUkj, SO (S_;_U)l] 7é 0 iff for some k?, (S—i-)zk 7é 0 and Ukj 7é 0, i.e.,
(S4)ik # 0 and Sj; < 0. Similarly, (S_U);; # 0 iff there is some ¢ with (S_); # 0 and
Sj¢ < 0. Taken together this means that the 2 x 2 submatrix of S’ given by rows 7, j and
columns k, ¢ has the same sign pattern as one of the matrices in (4.1). B
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In fact, the proof of this proposition gives us an even more precise result.

Corollary 4.2. Suppose S is a d x d' matriz that satisfies RF. Let i < j with i €
{1,...,d} and j € {1,...,d'}. Then

(1) (SU)i; has a sign iff S does not contain a 2 x 2 submatriz in rows i and j and some
columns u and v with the same sign pattern as
-1 +1
-1 -1

0

(2) (SU);i has a sign iff S does not contain a 2 x 2 submatriz in rows i and j and some
columns u and v with the same sign pattern as

1 -1 1 -1
+1 —1 o1 41

Proof. (1) 7=" First, assume we are in the case where S has a 2 X 2 submatrix in rows
7 and j, ¢ < 7, and some columns u, v with the same sign pattern as

+1 -1
e
As in the proof of Proposition 4.1, write S = S, —S_ for real matrices S, ,S_ with non-
negative coefficients. Then (SU);; = (S+U)ij — (S_U)ij = D1 (S4+)ikUk; — D1 (S=)irUk;-
By assumption, S;, < 0= U,; # 0. Also, Si, > 0= (S4)iu = S > 0= (51)iUsj #
0= > ,(S4)iUx; # 0. Similarly, S;, < 0 by assumption = U,; # 0. Also, we have
Siv < 0= (Sf)iv = Siv <0= (S,)vaj 75 0= Zk(S*)lkUk] 7A 0= (SU)U is not a
positive or negative linear combination of the entries of U, and hence, it does not have a
sign by definition. The case where S has a 2 x 2 submatrix with the same sign pattern

as
-1 +1
-1 -1

”«<" Now suppose that (SU);; for some does not have sign. More precisely, this
means (S,:U);; # 0 and (S_U)y; # 0 = 0 # (S:U)y; = >4 (S4)iwlUs; = (Si)iu # 0
and U,; # 0 for some u = S;, > 0 and Sj, < 0 by the RF property of S. Similarly,
(S_U)ij # 0 = (S_)iy # 0 and U,; # 0 for some v = S;, < 0 and Sj, < 0 since S is
RF. Also u # v by construction of Sy and S_. Thus, we have, S}, Si, Sj» < 0 and
Siu > 0. Thus S has a 2 x 2 submatrix in rows ¢, 7 and columns u, v with the same sign

pattern as
+1 -1 -1 +1
-1 -1 -1 -1

depending on whether u < v or u > v respectively.

is proved analogously.

This establishes (1). An analogous proof establishes (2) by replacing each ¢ with j
and each j with ¢ in the above proof. B

Corollary 4.2 provides a way for studying the sign pattern of the more complicated
matrix valued function SU by looking at the simpler constant matrix S. Such concrete
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and simple conditions will allow us to look at the sign pattern of SU even if this matrix
does not have a sign pattern, since the sign of each of its entries is determined by the
constant matrix S. This will be the topic of the next section.

4.2. Creating Sign Patterns for SU = f'(x). As shown in the previous section, SU
will not be a sign definite matrix under certain conditions. In this section, we show an
alternative and meaningful way to associate a sign patterned matrix to SU even if SU
does not have a sign pattern. We first motivate this with a discussion on determinants.

Of most interest in the analysis of RF systems is looking at the determinant of SU.
Indeed, the determinant is well-defined in this case since S is a d x d matrix and
U is a d x d matrix. Also, the direct connection between sign patterns of matrices
and their determinant can be found in [HKO08, § Theorem 2.9], and we do not present
their results here. For our purposes, if SU does have a sign pattern, it is often easier to
analyze the determinant of SU based on its sign pattern rather than direct computation.
Unfortunately, SU will sometimes not have a sign pattern according to Proposition 4.1,
but this can be remedied by noticing that if we left multiply SU by an invertible matrix
E, then det(ESU) = det(E)det(SU). Often, we may find such a matrix E, so that
ESU has a sign pattern, and thus, the analysis for a sign pattern of FSU will suffice to
understand the determinant of SU since the determinants of SU and ESU will merely
differ by the scalar det(FE). This idea is our motivation for the following definitions.

Definition 4.3. Let us say that SU ”almost” has a sign pattern if there is an
invertible matrix E such that ESU has a sign pattern.

For our next result, it will make it easier to consider matrices of the forms:

U)i)[:ti :1} ii){::} fi} n@){:li :}} iu){::i ;}}

and

* -1 * 41 -1 x +1 =
(2) | 41 =« |, =1 = |,| = +1|,| = -1
-1 -1 -1 -1 -1 -1 -1 -1
[« -1 [ % 41 [ 1 % ] +1 x|

-1 -1|,{-1 -1}, -1 —-1/|,] -1 -1

+1  x -1  x *  +1 *  —1
[ -1 1] [ -1 —1] [-1 =1 [ -1 —1]

+1 o« [, -1 = |, = +1|,[ = -1

x  —1 *  +1 -1 = +1  =*

Notice that the matrices in (2) are merely all possible row and column permutations of
the matrix:
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Definition 4.4. We will refer to submatrices of S that have the same sign pattern as
a matrix in (1) as bad-submatrices. This definition is motivated by Proposition 4.1,
which tells us that SU will not have a sign pattern if S contains a submatrix with the
same sign pattern as a matrix in (1).

Theorem 4.5. Suppose S has exactly one 2 X 2 bad-submatriz, and S does not have a
3 X 2 submatriz with the same sign pattern as a matriz in (2). Then SU = f'(x) almost
has a sign pattern.

?°??

Proof. |1 ithout loss of generality, let us assume that rows 1 and 2, and columns 1
and 2 have the same sign pattern as (1) i.). (otherwise, we could permute the columns
of matrix S and U, without affecting determinants or sign patterns). Now let a = Sy,
b = —512, Cc = —Sgl, and d = —522. Fil"St, we claim that (SU)lg = (ZU12 — bUQQ —
Z:f:?, S1:Ure, where S7,. > 0 whenever U, # 0 for r = 3,4,...,n. If not then S}, < 0
and U,, > 0 for some r € {3,4,...,n} = Sy < 0 and this means S a bad-submatrix
corresponding to rows 1 and 2 and columns 1 and r, which contradicts our assumptions.
Thus, (SU)12 = aUja+ (negative linear combination of entries of U). By Corollary 4.2,
(SU)1 is the only such entry of SU without a sign = SUsyy = —cUjo+ (negative linear
combination of entries of U), since ¢ and d > 0. So now, add a times row 2 of SU to row
1 to form a new matrix, (SU)". Then (SU)}, is a negative linear combination of entries
of U, and hence has a sign. We must make sure (SU)’ has a sign pattern. If not, then by
Corollary 4.2 (which tells us that all other entries of SU are either positive or negative
linear combinations of entries of U), it must be that for some ¢ # 2 we have (SU);; < 0
and (SU ) > 0 or vice versa. Without loss of generality, we will assume it’s the former.
This implies that since (SU);; = > _, SirUsj, then applying this formula with 1 and ¢
and then with 2 and ¢, we get that Sy, < 0 and U,; > 0 for some r, and S5, > 0 and
Ug > 0 for some s # r = S, < 0 and Sy < 0. This means S has a 3 x 2 submatrix,
corresponding to rows 1, 2, and ¢, and columns r and s, with the same sign pattern as
a matrix in (2), and this is a contradiction. Thus this row operation really does give a
sign pattern l

It is indeed worth noting that we needed some very stringent assumptions on S in
order to get a sign pattern after a simple row operation. Even more so, this is in the
case where S has only 1 bad-submatrix. The cases where S has more bad-submatrices
becomes increasingly difficult. Nevertheless, we have yet to find a counterexample where
SU did not have a sign pattern after elementary row operations, and we believe that
all Jacobians SU for RF systems do have a sign pattern after some elementary row
operations. We leave it to the interested reader to verify if this is the case.

We now turn to comparing sign patterns and deficiency of a chemical network.

4.3. Sign Patterns versus Deficiency. As previously mentioned, a chemical network
having 0 deficiency has significance on the type of equilibria for a chemical network, see
[GO3]. On the other hand, the sign pattern of SU described in the §1.3 also correlates
to whether the system has equilibria in the positive orthant (see [HKGO08]). A natural
question is whether the sign pattern of SU has any correlation to a system having 0
deficiency and a certain number of linkage classes. The answer is no, and in this section
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we give examples of chemical networks such SU that 0 deficiency does not imply a sign
pattern for SU.

Example 4.6. The next few examples illustrates how SU having a sign pattern does not
correlate to a chemical network having deficiency 0. Thus, we will show that SU having
a sign pattern does not imply 0 deficiency for a network.

Consider the reaction network,
A— B
B—C
C=A+B

In this case we have 4 complexes, 1 linkage class, and the dimension of the stoi-
chiometric subspace is 3. Thus, the deficiency of the system is 0 by Proposition 3.3.
Nevertheless, the reactions A — B and A+ B — C imply that SU will not have a sign
pattern by Proposition 1.4 since in this case, we have

-1 0 -1 1
S = 1 -1 -1 1
0 1 1 -1

Ezxample 4.7. We may extend the construction in the previous example to find reaction
networks that have 4k complexes, k linkage classes, 3k as the dimension of the stoichio-
metric subspace, and still do not have a sign pattern, for any k € N

Fix k € N. Consider,

Ay — A, Ay — As, As = A1+ Ay
Ay — As, As — Ag, Ag = Ay + As
Aiig — Ao, Aio — Aiq, Aii=A 3+ A
Ai — Ait, Aig1 — Aiso, Aipo = A1 + Aigo
Ayi—s — Asgg_a, Ay — Agi—s, Agj—g = Agj—s + Asg—a
Agp—o — Agi—1, Agp—1 — Aug, Ay = Ag—o + Ay

By construction, each line above represents a distinct linkage class and 3 distinct com-
plexes = we have k linkage classes and 4k complexes. We also claim that the dimension
of the stoichiometric subspace is 4k. To see this, let

-1 0 -1 1
(4.2) B=|1 -1 -1 1
0 1 1 -1

forj=1,... k.
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By construction, the Stoichiometric matrix S will be a 3k x 4k block matrix,

B 0 ... 0
0 B ... 0
0 0 ... B

Where B is the matrix appearing in (2.5) and 0 is a 3 x 4 matrix consisting of all 0’s.
Notice that rank(B) = 3 = rank(S) = 3k. Thus, the dimension of the stoichiometric
subspace is 3k = the deficiency of the network is 0. However, Proposition 4.1 implies
that SU will not have a sign pattern. In fact, Corollary 4.2 implies that SU will have
exactly k entries without a sign. W

Remark 4.8. The examples we provide in §3 and §4 suggest that sign patterns and
Determinant Signs have no relation to the deficiency of a network. There may still be
other properties of deficiency and determinant expansions that do correlate, but in most
chemical literature, the deficiency 0 condition and Determinant Signs have yielded the
most fruitful results in studying equilibria of a chemical network.
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