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1 Introduction

This paper is presented as an undergraduate honors thesis by Christopher Sev-
ers under the supervision of Professor Jeffrey Remmel at UCSD. The aim of
the project was to read material about permutation statistics and generating
functions for the ring of symmetric functions and then address a problem not
covered in the literature to date. In working on this project the author gained
a much better understanding of this particular area of mathematics and some
insight into how the process of research and writing works.

The main goal of this paper is find generating functions for some new per-
mutation statistics on certain subsets of the symmetric group S,, by defining an
appropriate homomorphism of the ring of symmetric functions and then apply-
ing that homomorphism to a simple symmetric function identity. This idea was
first introduced by Brenti [4].

In [4], Brenti introduces a homomorphism from the ring of symmetric func-
tions to polynomials in a single variable that demonstrates a remarkable connec-
tion between permutation enumeration and symmetric functions. Specifically,
if A is the ring of symmetric functions and ey, is the kth elementary symmetric
function, Brenti defines & : A — Q[z] by
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where £(eg) = 1. Now let hyx be the kth complete homogenous symmetric

function and py the kth power sum symmetric function. Also, for a permutation
o in the symmetric group Sy, let des(o) and exc(o) denote the number of
descents and excedances of o, respectively. Then Brenti shows
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where if A\ = (1™1,2™2 ... n™n) is a partition of n, then S, ()\) is the set of
permutations in S, with cycle type A, and z) = [, i"™m;!.

Brenti’s proofs of are mainly algebraic. In [2], Beck and Remmel give com-
binatorial proofs that allow them to give interesting g-analogues. Beck and

Remmel define a homomorphism &, : A — Q(g)[z] by

(z = 1)1
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where for a positive integer k, [k] = 1+q+---+¢*~ ! and [k]! = [k][k—1]---[1].
They prove that
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where rise(c) and coinv(c) are the number of rises and coinversions of o, re-
spectively, and f(o) is the length of the last increasing sequence of o when o is
written in one-line notation.

It is this combinatorial approach of Beck and Remmel that we will exploit in
this paper. We should note that there has been a whole series of papers that that
have used this approach to find generating functions for various permuations
statistics on the symmetric group, the hyperoctahedaral group B,,, and various
wreath products of the form G S,,. These include

e Beck’s thesis together with two follow-up papers, one of which was the
paper co-authored with Remmel described in detail in the previous section
1,2, 3],

e a paper by Ram, Remmel, and Whitehead [12],

e Wagner’s thesis together with a follow-up paper [13, 14],

e Langley’s thesis together with a follow-up paper, [7, 8], and
e a paper by Langley and Remmel [9)].

In Section 2 we will present the necessary background material required to
arrive at the new Distance 2 results. In this section we also give an example of a
combinatorial proof from Mendes and Remmel [11] which the proofs in Section
3 are modeled after.

Section 3 contains the new definitions for the Distance 2 statistics as well
as new identities and the generating functions that follow from those identities.
We give combinatorial proofs of the identities as well as some g-analogues and
n-tuple cases.



2 Background

In this section we present the machinery needed to talk about the results ob-
tained during the course of the project. As such the majority of this section is
borrowed from a work by Prof. Remmel and Tony Mendes [11], which was used
as a primer on the material covered during the project.

2.1 Symmetric Functions

We must begin with some background information on symmetric functions.
Let S,, be the symmetric group. This group is the set of all permutations on
{1,2,...,n} where each o in S,, is a mapping, o : {1,...,n} — {1,...,n}. We
can write a permutation o € S,, in three different ways:

1. Two line notation, where we see where each integer from 1, ..., n is mapped
2
1
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In this example we see that o(1) =4, o(2) = 1, etc.

2. We can also write the above permutation just in one line notation
41235

In this case the top line from the two line notation is omitted but we still
interpret this one line notation in the same fashion.

3. We can also write the permutation in cycle notation
(1,4,3,2)(5)

If we start with 1 we see that 1 goes to 4. Then 2 goes to 1, etc.

Let o € S, and P(x1,...,x,) be apolynomial on n variables. Then o P (1, - ,2,) =
P(zoy,...,%0,). Wecall P symmetric if and only if, Vo € S,,, oP(z1,- -+ ,2n) =
P(zyyy... 20, ) = P(x1,...,2,). What this means is that we can permute the
variables x1,...,z, and not change P itself.

Two examples:

1. 2123 + z22% + 23 is not symmetric since if we apply (1,3) to the indices
we get a different function.

2. xlxg + :le% + xgac% + :vgx% + x3x% + IgI% is symmetric.
Let AN be the ring of symmetric polynomials in z1,...,zxy and AY be the
subset of AN containing the homogeneous elements of degree n. Using the
surjective ring homomorphism from AN*1 to AY defined by taking zx41 = 0,
let Ap, = lim AY for each n > 0. Define A = ©D,.>0 An to be the ring of
symmetric functions. This technical definition of the ring of symmetric functions



is needed to ensure the validity of taking an infinite series of monomials in an
infinite number of variables. For A F n, the monomial symmetric function m)
is the element in A,, given by the sum of all monomials where the exponents on
the powers of z; give a rearrangement of the parts of A. For example, m(3 1) in
3 variables (meaning that x4 = x5 = --- = 0) is given below:

2 2 2 2 2 2
m(1,2) (21, T2, T3) = T1T2 + 123 + 1371 + 1323 + 1371 + V3T2.

It is not difficult to see that any symmetric function where every term is of degree
n must be a sum of monomial symmetric functions; therefore, {my : A+ n}isa
basis for A,. This implies that the dimension of A,, is the number of partitions
of n.

The elementary symmetric function e, may be defined by using a formal
power series in A[[t]]. Let

Z ent" = H(l + zit). (3)
n=0 %

Let E(t) be the sum on the left hand side of the above equation. Since only
one power of x; may contribute to the coefficient of t™ on the left hand side
of (3) for every i, e, is the sum of all square free monomials in the variables
r1,...,rnN. For example,

e3(x1, 2,73, 24) = T12T2T3 + T1T2T4 + T1T374 + T2T3T4.
The homogeneous symmetric function h,, is defined such that

[o ] N 1
nZ:;Jhnt :Hl_m. (4)
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Let H(t) be the sum on the left hand side of the above equation. For example,
hs in 3 variables is given below:

2 2 2 2 2 2
ha(21, T2, T3) = 12273 + 2500 + 2103 + 571 + 253 + 201 + T30+ 27 + 25+ 25,

The definitions of the homogeneous and elementary symmetric functions give

e} e} -1
S hat™ = H(t) = (B(—1) ™" = (Zea—w") . (5)
n=0

n=0

It is primarily this identity that we will use to construct our new generating
functions.
Another basic fact as a result of these definitions is Lemma 1 below.

Lemma 1. Forn > 1,
n

Z(—l)ieihn,i =0.

i=0



Proof 1. Compare the coeflicient of ¢" on both sides of
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If A = (Aq,...,\g) is a partition of n, ie. if n = Zle Ai, then we write
A n and we let £(A) = k, the number of parts of \. We also define
h>\ = h>\1 ---h>\k and

Ex = €x trer-
This given, we have the following well known result, see [10].
Theorem 2. 1. {my: A n} is a basis for A,,.
2. {ex: A n} is a basis for A,,.
3. {hx: A n} is a basis for A,.
4. eg,e1,... are algebraically independent and they generate A.

Given two bases {ax : At n} and {by : A n} of A, we define M(a,b)x .,
for all partitions A and u of n, by

by =Y a,M(a,b)x (6)

pEn

Thus if (ax) xsrn and (bx) r-n as row vectors, then the matrix M (a,b) = || M (a,b)x .||
is the transition matrix between that bases {ay : A+ n} and {by : A - n}, that
is,

(ba)arn = (@x)ra-nM(a,b). (7)

An important ingredient in our results will be an explicit combinatorial
interpretation of the elements of the transition matrix M (e, h) between the basis
{ex: Ak n} and {hy : A n}. That is, we want a combinatorial interpretation
for M (e, h)x,, where

hy =Y exM(a,b)u,x. (8)
pEn

Given two partitions A and p, let us define a object known as a brick tabloid
of shape p and type A. The set of all such objects will be denoted by B) ,. A
T € By, is formed by partitioning the rows of the Ferrers diagram of A into
“bricks” such that the lengths of the bricks induce the partition u. For example,
we now show all possible brick tabloids of shape (2,3,5) and type (12,22, 4):
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Theorem 3. For ut n,

hy =Y (=1)" Y By e
AFn

Proof. To unclutter notation, let M (e, h)x,, = M, be the coefficient of ey in
h,, for the remainder of this proof. If A - n, let A\ ¢ be the partition A with a
part of size i removed. In the case where A\ does not have a part of this size,
A\ i is undefined and My\;,, = 0 by convention.

First, we will show that the numbers M) , satisfy the following:

L M),y = (=1)"1,

2. My (ny = Z;:ll(—l)i’lM,\\i)(n_i) for X a partition of n with more than
one part, and

3. My, =3 Mgy (u,yMga 1\, Where the sum runs over all possible partitions
aF pp and B n — pp such that the multiset union of the parts of v and
[ is equal to A (written o + 8 = \) and p is a partition of n with more
than one part.

Lemma 1 may be rewritten to read
n—1
hn = (=1)"ten + > (1) eihn_i. (9)
i=1

The right hand side of (9) is equal to

n—1
(_1)n_1e"+ Z(_l)i_lei Z Ma,(nfi)ea
i=1
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Picking the coefficient of e, on the right hand side of the above equation,
M(n),(n) = (_1)71—1' Moreover, M)\_’(n) = Z?;ll(—l)i_lMA\iﬁ(n,i). This ver-
ifies items 1 and 2 on our list. As for item 3, consider

Z M pex = hu)y

An
ZM%(M)% Z Mg, y\ s €8

akpy Brn—py
= > Ma (u)Mp o, cacs. (10)
akp
BEn—p1

Comparing the coefficient on both sides of (10) shows item 3.



The list items 1-3 completely determine the numbers M) , recursively. To
complete the proof of the theorem, it remains to be shown that (—1)"~‘¥|B, |
satisfy the same three identities.

There is only one brick tabloid of shape (n) and type (n)—the brick tabloid
consisting of one brick of length n inside one row of length n. Therefore, when
A= (n), (=1)"*N|By ,| = (=1)""1, verifying item 1.

Item 2 is found by sorting brick tabloids of shape (n) according to the length
of the first brick. Suppose A # (n) and i is a part of . Let By (,); be the set
of T € B) (n) where the first brick in 7" has length i. It follows that |By (5).:| =
| Bx\i,(n—4)|- Thus,

n—1
(=)™ *N|By (] = (=1 Z | Bx,(n).il
=1

n—1

_ Z(_l)i—l ((—1)("—“_(“”‘1)IBA\Z-,WZ-)I) 7

i=1

verifying item 2.

Finally, item 3 is found by sorting brick tabloids of shape p according to
the bricks found in the top row. Suppose B) .. is the set of all T" € By ,
where the first row in 7" has bricks which induce the partition c. It follows that
|Bxw,al = |Ba,(u)||Bg,\u, | where 8= X\ — o and therefore

(_1)n—€(/\)|3k7u| - Z (_1)u1—é(a)|Ba_’(m)|(_1)(n—u1)—é(ﬁ)|3ﬁ_’#\m|,
abpy, BEn—p
a+pB=\
This checks item 3 and completes the proof of the theorem. O

One can find the transition matrix M (h,e) is a similar fashion. Indeed, by
the symmetry of the relation between the h’s and e’s in Lemma 1, it is easy to
see that M (h,e) = M(e, h).

2.2 Previous Results

We list here some results from the literature which follow from the same simple
identity as the distance 2 results we will present. We state first some identities
that are needed to understand the results.

Let 0 =0y...0, €S, then

Des(o) ={i:0; > 0it1} Rise(o) ={i:0; < 0it1}
des(o) = |Des(o)| rise(o) = |Rise(o)]
maj(a) = ZieDes(G) 1 CO’ITLCLj(O') = ZiERiSE(U) i

Tlmaj(o) = ZiGDES(G’) n—1i rlcomaj(o) = ZiGRise(U) n—i
inv(o) =3, ;x(oi >05)  coinv(o) =3, x(0; < 0y)
exc(o) = |{i: i <o;} dec(o) = [{i:i> 0}



where for any statement A, y(A) = 1if A is true and y(A4) = 0if A is false. Also
if al,...,a* € S, then we shall write comdes(al,...,a%) = | ﬂle Des(a?)|.
Some identities needed for the %—analogues:

lg=1+q+ - +¢" ' =TL

[n]g! = [n]q[n — g~ [l

[} = i

S
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lpg=p""" +p" g+ +plg" P g = 2

Using these facts the following results have been shown:

1. ZZOZO UTT‘L ZUeSn pdes(o) — %
i o u” comdes(o,7) _ l1—x
2. (Carlitz 1970) 3.2 Gz Xo,mes,xs, T = ey
oo y” des(o) inv(o) _ l1—x
3. (Stanley 1979) Z’ILZO W ZUESn X ( )q ( ) = W.

4. (Stanley 1979) ZZO:O ﬁ ZUESn xdes(d)qcoinv(o) = %_

5. (Fedou and Rawlings 1995)
o] u” comdes(o,T) ,inv(o) inv(T) __ l1—z
Zn:O [n]g![n]p! E(U,T)ESHXSH x ( )q ( )p ™ = —x+Jg p(u(z—1))"

n

J(u) = EnZO %a eq(u) = f: [Z] !q(2)7

IAOESDY #T;!a and  Jgp(u) = 3 [n}j[n]p!q(2)p(2>-

n=0 n=0

6. Foata-Han (1997)
Let (2,q)o =1 and (2,¢)n, = (1 —2)(1 —qx)--- (1 — ¢" ') for n > 0.

c, (Z, z,q,7, p) — Z Zcomdes(ofl,Tfl)xdes(o) qumaj(cr) yrise(T)prlcomaj(T) )

(0,7)ESH XSy
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7. Remmel-Mendes

Rn(2,2,q,y,p,Q, P) =
comdes(a™*,371 ,7,5)Ides(a)qumaj(a)yrise(ﬁ)prlcomaj(ﬁ)Qinv('y)Pcoinv(é)

Q(g)[i—i—l] {j—i—n]
F9(t,q,p,Q,P)=> t" A VR S Iy
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and set

We end this section with an example borrowed from Mendes and Remmel
[11] which show how we can apply a ring homormorphism ¢/t from A into the
polynomial ring @Q[x] over the rationals @ to a simple symmetric function iden-
tity to produce generating functions for permutation statistics. Since eg,eq, ...
are algebraically independent and generate A, we can define our homorphism
¢ by simply giving the values of £/1(e,,) for each n.

Let fi be a function on the nonnegative integers such that fi(n) = 1 if
n =0 and fi(n) = —y(z —y)" ! if n > 1 and define a ring homomorphism
&h i A, — Q[z,y] such that for n > 1,

§f1 (en) _

S ()

n

This definition uniquely extends to all of A because products of elementary sym-
metric functions are a basis. This homomorphism and its relationship to The-
orem 4 below are due to Brenti; however, the proof hinges on ideas established
by Beck and Remmel when they reproved the results of Brenti combinatorially
[1, 3, 4, 5]. Our entire development of finding generating functions will come
from these ideas.

Given o = 01 ---0, € Sy, let the rise statistic, ris(o), count the number of
times 0; < 0;4+1. By convention, let 0,41 = n + 1 so that o,, always registers a
rise.

Theorem 4. |

— _n des(o), ris(o) _ r—y
1;) n! Z z Y - T — yet(zfy) :

= ’ ocES,

TA boldface e is used to distinguish the exponential function from the elementary sym-
metric function.



Proof. First it will be shown that

n|€f1 (hn) _ Z xdes(a)yris(a)
ocES,

after which the statement of the theorem follows shortly. To evaluate /1 on
nlh,, write h, in terms of the elementary symmetric functions via Theorem 3:

£(N)
’n!ffl (hn) —nl Z(—l)"_g(k)|B>\,(n)| H §f1 (e)\i)
AFn i=1
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where if A= (A1,..., ),

ny n B n!
A\ DL S A !

is the usual multinomial coefficient.

(12) will be interpreted as a signed, weighted sum of objects on which a
sign-reversing, weight-preserving involution will be performed. The fixed points
under the involution will correspond to elements in \S,, with the weights on the
fixed point giving the number of descents and rises in the permutation.

The sum in (12) selects A = n. Use the |By ()| term in (12) to select a
brick tabloid of shape (n) filled with bricks forming the partition A. With the
multinomial coefficient, select A1 integers from 1,...,n to place in a brick of
length A; in decreasing order, Ag of the remaining integers to place in a brick
of length Ao in decreasing order, etc., so that each brick contains a decreasing
sequence and each integer in 1,...,n appears once. The (z — )" “¥) term in
the sum in (12) is used to label each cell not terminating a brick with either x
or —y. Finally, place a y in each terminal cell in a brick. The set of all such
objects able to be formed in this way will be denoted Ty, . An example of one
such T' € T¢y, may be found below.

z z -y Y -y Y z -y z Y
12 10 8 2 7 1 6 5 3 11 9 4

<
<

Define the weight of 7" € T¢s,, w(T'), to be the product of the z, —y, and y
labels in T'. The above example has weight (—1)3z%y®. We have accounted for
every term in (12); therefore,

nleh (hy) = > w(T).

Teg’gfl

10



At this point, a sign-reversing, weight-preserving involution I.s, will be de-
fined on T¢s, to leave a set of fixed points with positive sign. Let T € Ty, .
Scan T from left to right looking for the first of the following two occurrences:

1. a cell labeled with —y, or
2. two consecutive bricks with a decrease in the labeling between them.

If situation 1 appears first, break the brick containing the —y into two bricks
immediately after the violation and change the —y to a y. If situation 2 appears
first, combine the two consecutive bricks and change the y now in the middle
of the brick to a —y. This process is the involution I;s, —it does not alter any
cells labeled with = but does flip the sign on T'. The image of the object found
earlier in this proof under I, is displayed below.

z z Y Y -y Y z Y -y z Y
12 10 8 2 7 1 6 5 3 11 9 4

<

Let Fer be the set of fixed points under the involution I¢s, consisting of
those T' € T¢s, where there are no —y’s and there are no decreases between two
bricks. An example of T" € F¢s, may be found below.

T x T Y x Y x Y
12 10 8 2 7 1 6 3 5 11 9 4

<
8
S
<

The row of integers on a fixed point can be read as an element of the symmetric
group S, written in one line notation. When this is done, there is an x label
above an integer if and only if that integer registers a descent and a y label
above an integer if and only if that integer registers a rise. The above fixed
point corresponds to 1210 82716 35 11 9 4 € S12 with seven descents and
five rises. The involution Iy, implies

n'§j1 (hn) _ Z w(T) _ Z w(T) _ Z xdcs(o)yris(a')'

TGTEfl Te?gh oceS,

We have
i %n' Z Ides(o)yris(o) — i tng'fl (hn)
n=0 " oc€S, n=0
=¢h (i hnt">
n;O .
= é‘fl (Z en(_t)n>
n=0

11



where the last equality comes from (5). Continuing this string of equalities, we
have

1 T —y T —y

o —(z—g)—1 pos e —.
L+ Zn:l(_t)n(_l)n% rT—=Yy—-y anl % €T — yet( )
O

3 Statistics on pairs

This section covers the new results obtained during the course of the project.

3.1 des¥ (o)

In this section we wish to consider permutation statistics on pairs of elements.
More specifically, if o € S, and ¢ = 0103...0, then we want to look at the
relation between {o;_1,0;} and {0;41,0:42}. To do this we must first define
the set of ¢ € S,, that we will work on.

Definition 1.
Eon = {0 € Soy, : maximal descent blocks are even}

This gives us a set of o that are of even length and can be split into blocks
of even length.
Next we must define a new permutation statistic on &, by comparing descents
on pairs of g; for o € &, in the following way:

Definition 2. Des® (o) = {i:0; > oj0ando;_1 > 0iy1}

As an example consider 7 = 86432910751. Then Des® (1) = {2,8}. As
before we primarily wish to consider the cardinality of Des(2)(0).

Definition 3. des(2)(a) = |Des(2) (o))

Using the same 7 from before we have des® (1) = 2.
Finally we introduce a new homomorphism, ¢ : A,, — Qlz] such that

pP(eo) = 1
n n—1 n—1
©) _ (=D)"(1 — =) 2n\ _ —(z—-1)
" (ean) 2n! n nln!
e@(eans1) = 0

We use these definitions and homomorphism to show the following:

Theorem 5. .
(2TL)' (p(2) (h2n) _ Z xdes (o)

o0&y

12



Proof. First, by Theorem 3 we can write

nl® (hn) =n! Y (1" B, |01 (en). (13)
puEn

Since ¢ (e2,11) = 0, it is easy to see that if y has an odd part, then p(®)(e,,) =
0. Tt follows that ©(® (hg,y1) = 0 for all n > 0. Similarly, the only x that can
contribute the sum in (13) when n is even are the partitions p which consist
entirely of even parts. If = (u1,...,ux) is a partition of n, then we write 2u
for the partition (2u1,...,2u). It is then easy to see that

(2n)! P (hzn) = (2n)! Y (=1)*" )| By, om0 (e24).
pkn

Using the definition of ¢(®) we then have

£(pe)

—1
@) B _\2n—e(u) —l@ D" 2
)t tan) = @Y1 By ol [T = —
pkn =

1

(20! S (~ 170 By | (1)1 (& — 1) 40
pEn

()

2n - 21
_ B § r—1 n é(ﬂ) ( Z>
Z| 201,(2n)| <2M12N2"'2“4(#))( ) 11;[1 Hi

pukEn

We can now interpret (14) above as a combinatorial object starting with By, (2,,)-
We use this to construct bricks of length 2n and shape p with each partition
inside the brick of size 2u; where p = (1 p2 ...pigny). An example of such a
brick is given below for n = 4 and p = (2,1, 1).

Next, we interpret (z — 1)*~“(") by putting a —1 or an z over each pair of
parts of a brick up to the last pair of the brick. We fill a 1 at the end of each
brick. Our brick from above now looks like this:

13

201202 200!

am

I

=1

(

2/%)
Hi

(14)



2n
201222 (p)
{1, ...,2n}. Continuing the example from above our sets might look something

like {1 3,4,8},{2,5}, {6, 7}. For each i we intepret (2’“) by choosing half of the
numbers out of each set we have. We color these w1th blue to denote they have
been chosen. So now we have the sets {1,3,4,8}, {2,5}, {6,7}. Starting with
the blue numbers we fill in every other open portion of the brick in descending
order. We then fill in the regular numbers in descending order in the remaining
spaces. Our object now looks like this:

We interpret ( ) by choosing sets of length 2u; from [2n] =

11

15 2 6

Call this object 7" and let T, be the set of all such objects. The weight of
T, w(T), is the product of the row of z’s and 1’s above the brick. We can also
read off the numbers inside the brick from left to right to form a permutation
0= 48315267. We are interested in Y, w(7T') so we will use an involution 1
to get rid of the T" with negative weight. The involution I works similar to the
one used before. First we scan from left to right looking for either a —1 or a pair
descent between bricks. If we find a —1 then split the brick at the rightmost
element of the pair under the —1 and change the —1 to 1. If we encounter a
pair descent first then join the two bricks and change the trailing 1 of the first
brick to a —1. As an example we use the following object T':

x =1 1 -1 1
8 5.7 13! 42| 9:10: 61
Applying I gives us T’

x 1 1 -1 1
8 5 73| 4 2| 9:10 6 1

Applying I to T’ gives us back T since there is a pair descent between 73
and 42 which means that I will join the bricks and change the sign of the 1.

14



The weight of T'isz-—1-1-—1-1=2z. The weight of T"is z-1-1-—-1-1=
—x. So our involution [ is sign reversing and for 7" not a fixed point we have
w(T) = —w(I(T)). From this we can see that

> w(T) = > w(T)

TeT, T a fixed point of T€T,

A fixed point of I must have no —1’s and no pair descents between bricks. An
example of a fixed point is given here:

Fixed points then have an z everywhere except the last pair of a brick and
have no pair descents between bricks. If we read off the numbers of the fixed
point from left to right we get a permutation o = 85734291061. We can
observe then that on our object the x’s correspond to the pairs where a pair
descent is registered and the 1’s to a pair where no pair descent exists. It follows

then that
> w(T) = (20)! o3 (han)
T a fixed point of I€T,

and from above,

S w@m= Y et

T a fixed point of I g€
So we have shown that Theorem 5 is true. O

Next we use this result to show a new generating function. Start by letting
J(u) =3,50 . Because ¢(® (hy,11) = 0 for all n, it follows that

@(2) Z R t" — @(2) Z h2nt2n

n>0 n>0
2n
(2)
_ E E Ides (o) ]
2n!
n>0 oc€€an

15



Thus

t2n 65(2) o n
D I 0
n>0 " o€an n>0
1
_ @
= (p e —
<2n>0 en(—t)">
B 1
1+ 2721 %(ﬂzn
—1

—14 Y S ()
~(z-1)
—(@ = 1)+ sy S (12
—(z 1)
~(@— 1)+ (J((z - D) - 1)
(1-2)
—x+ J((x —1)t?)

3.2 desP (o)

In the previous section we considered the case where there was a descent reg-
istered between two pairs of elements in some o € &;,. We can also however
consider what happens when we count descents between only the elements that
have an odd or even position. To do this we introduce first a new set of permu-
tations that we will use.

Definition 4.
Fon = {0 € Say, : mazimal descent blocks on even elements are even}

Then as before we will define a new statistic on this set Fo,,.

Definition 5. Des® (o) = {i: i odd and o; > 042}

As an example let 0 = 10572,894316. Then Des® (o) = {1,5,7}. Note
that we can easily modify this definition to count descents between o; where i
is even. Again we will concern ourselves with the cardinality of this set.

Definition 6. des) (o) = |Des® (o)|

The homomorphism we use is very similar to the one before however we now
must account for all the different ways in which we can order the set of numbers,
in this case those in even places, that we are not concerned with statistics on. We

16



call this new homomorphism ¥(?) and define ¥(?) : A,, — QI[z] in the following
way:

T2 (eg) = 1
n—1
U@ (ey,) = EDD)" () 7_(””_'1)
: n:
U@ (eg41) = 0

We now put all of this together by again stating a new theorem and proving it.

Theorem 6.
(2”)'\11(2)(h2n) _ Z $d65(2)(a)

oc€Fon
Proof. Using the same argument as in Theorem 5 we can write:

@I (ha) = 201) (1) DBy, (5[0 (e2,)
pEn

£(p) —1
(=1)(z —1)» 244
= ) (D PIByn| [ g, )
pukn i=1 v

om £(p) o
Bangaml(z - 107 )II (3
1;1 " 2/L1‘...2/Lg(u) E 1
We now will construct a set of objects Tg. First we build a set of bricks of
length 2n and shape p with each section being of size 2u,. If we have p = (2, 3)

then the corresponding brick is:

We now interpret (z — 1)"~“) as before; by placing either an z or a —1
above each pair of boxes in the brick up to the last pair in the section. An
example of placements is given below:

L

17



Next we choose sets of length 2y; from [2n]. Using u = (2, 3) our sets might
be {5,3,8,10}, {1,2,7,4,6,9}. In each set we pick a new sequence of length 1;
and color them blue. The sets we picked now look like this: {5,3,8,10}, {1,2,7,4,6,9}.
We can fill in the bricks now starting with the blue numbers in descending order
in the odd places. After this is done we fill in the black numbers in any order,
with the term p;! accounting for the possible ways to fill in the black numbers
in each section of the brick. A filled brick looks like this:

X
5

1

0 3 8 6 1 4

We will call this object T and let Ty be the set of all such objects constructed
in this manner.
As before we define the weight of an object T', w(T) as the product of the 2’s
and —1’s above it. We then use the same involution I to get rid of all the
negative weights in the sum » ..y w(T). As before I works in the following
manner:

1. Scan the bricks from left to right for a —1 or a descent between two odds
in consecutive bricks

2. If a —1 is encountered, break the brick at the second box below the —1
and change the —1 to a 1.

3. If a descent between two odds in consecutive bricks is found, join the bricks
and change the trailing 1 of the first brick to a —1.

As before this process is reversible, sign changing and weight preserving. After
applying I we see that > pcq, W(T) = 327, ficed point in 75 W(T)- In this case
fixed points are those objects with an x above every pair of boxes except the
last in a brick and no descents between odd places of consecutive bricks. An
example of such an object is this:

‘We have now shown that

2n)! U P (hyy,) = > w(T)

T a fixed point in Ty

18



If we then look at a fixed point in Ty such as the one above we can also read off a
permutation o. In this case 0 = 51038614927. We can see that Des(? (o) =
{1,5, 7} which correspond to the odd boxes with an z above them in our object

T so we have:
S wm= Y A

T a fixed point in Ty o€Fon

Which then implies

(2”)' \11(2) (h2n) _ Z xdes(2)(0’)
oc€Fon

So we have proved Theorem 6. O

Again we use this result to show a new generating function. Since ¢?)(hg, 1) =
0 for all n, it follows that

VS Zhnt" VS Zhgnt%

n>0 n>0

t2n

_ Zf Z xm@
n.

n>0 o€Fon
And so we can write:

t2n

Zﬁ Z xm@ - g® Zhnt”

n>0 " 0€EFan n>0

1
- g®
<1 + ZnZl en(_t)n>
1

—(x—1)(n—=1)
Lo Xy~ (2

n!
-1
r—1)(n=1)
1435 %(’f)%

—(z—1)

—(@=)1+ Xy E ()2
1—=x

— 1 + etla—y @D
3.3 g¢-analogue of des (o)

In this section we extend the previous result using des(®) (o) to one with ¢-
analogues. To do this we need to define a new statistic that will count inversions
on every other object.

19



Definition 7.

inv? (o) = Z x(02i > 02j) + x(02i41 > 02j41)
0<i<j<n

As an example consider o = 10572,894316. We see then that inv(? (o) =
4+2+2+1=0.

We also will make use of the following identities:

[n]q:1+q+...+q”*1:ﬂ
I—gq

[n]g! = [n]g[n —1]g- - [1g

n-1_ Pt 4"

M)y ="' 4+p" g+ +p'¢" *+q
p—q

Using these identities we now define a new homormorphism <p((12)An — Qlz, ql:

P (eg) = 1
eP(eanp1 = 0O
O (ey,) = WA 2] oy - Z@= DM o

Using this homomorphism we will prove the following theorem:

Theorem 7.

(2n) [2n]q!2§0((12) (han) = Z ;Cdes@)((f)qinv@)(a)
n

o€y

Proof. Let R(1#1,.-- (#¢) be the set of rearrangements of uy 1’s, s 2’s, ...
Then a theorem due to Carlitz [6] gives us:

n _ inv(r)
[ ) IUZ:| q Z I

Has rER(1K1 - LHe)

From this we arrive at the following result:

20



Theorem 8. Let T be a brick tabloid of shape u and size n. Then S,,T is the
set of all o in S, that are the result of placing decreasing sequences of integers
in the brick of T', and

. n i
T g = { ] (=05
i pe] g

c€S,,T

To show this we start by taking an r € R(1#,---  ¢#¢). As an example let
w=(2,3,3) and r =21223133. We can see that inv(r) = 5 in this example.
Now we proceed by filling in the 1’s of r from right to left with numbers from 1
to n, in our example 8, until we have no 1’s left. We then do the same for the
2’g, filling them in right to left with numbers from u; to n, etc. When we have
filled in all of the numbers we call this o(r).

r o= 21223133
o(r) = 52438176
o(r)™' = 62431875

We see then that every time an inversion was registered in r it is registered
in o(r). We have new inversions as well. Due to the way we filled in the
numbers, within each block of p;’s in r we also generate (p; — 1) + (p; — 2) +
.+ (i — (wi —2) + 1 = (%) new inversions. Putting this together we have
inv(o(r)) = inv(r) + 3, (% ) We also know that inv(c) = inv(o)~! and since
o(r)~1 is in decreasing blocks of length p; we can write:

PRI L S

PER(1HT ettt

Z qinv(a)

oeSy,T

which proves Theorem 8.

We proceed now by following the same method used for the proof of Theorem
5. First, we use Theorem 3 to set the left hand side equal to something we can
interpret:

2n 2n
()o@ = () ol 120 B, e o)

pEn

£(p) 1
2n 1)k i
- ( )” 2> (-, <2n>H_(] [)1 )
pkEn i=1 ’u ’uZ
= St (D), T
M1y a,uf(u)

pEn

To interpret the RHS we start with u - n. For an example let us use u = (2,3, 1).
From this we then set out a brick of shape 2u = (4,6,2) and size 2n = 12.
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This takes care of the term By, (2,,). Next we use the term (2:) to choose
a sequence of n integers from [2n] and color them blue. As an example we will
use {6,4,3,11,8,9}. The remaining numbers are then {1,2,5,7,10,12}. Next
s s e ()

with integers in descending order and ¢’s as per Theorem 8. We do this first
with the blue numbers and then with the black numbers. When we are done we
have something like this:

1) (kg . . .
we use each [ ] qzv':“1 (") term to fill in every other space in each brick
q

® o g @ B @ R ¢ P P
1110 4 ' 5 912 8. 31

N g,

Finally we fill in the x’s and —1’s as before:

® @ ¢
5| 9 12: 8

N g,

L

> q
N,

where there are z’s each time a des(?) is registered and a 1 over the last pair
of a brick. We are also left with two sequences of integers that descend inside
each brick with a rise between bricks and inversions labelled. We see then that
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the sum of the inversions of the two sequences is the definition of inv(® (o) and
so we have that

(%) ol ) 3 w(T)

T a fixed point of IE‘JZPQ

_ Z xdes@) (o) qinv(2) (o)

o€y

Which proves Theorem 7. |

We use this now to show another new generating function. We again use the
same argument as in Theorem 5. Let J,(u) =" -, W}Lﬂ]q,(f(g) Then

Z " Z Ides(2)(0)qinv(2)(0) _ (P(Q) Z B ¢
2n - q n
n>0 20412 () 0E€Em n>0
1
| 2 I (S
= @
a <Zn20 en(‘ﬂ")
B 1
- —(x n 1 n
1+ Zn>1 [n]q|[17)l]ql q2( )(t)zn
-1

—14 2 %qz( )(t)zn
—(z-1)
—(z =1+ X [n]q|[n]qlq2(n) (t)*"
—(z—1)
—(z = 1)+ (Jo((z = 1)2) = 1)

(1-=)
—x+ Jy((z — 1)t2)

Using the same method of proof and inv(®) we can also g-analogue des®) (o).

3.4 n-tuples

In this section we will look at places that register a des(?) (o) across multiple
permutamons Let o = {o!,02,--- ,0™}. Then, comdes®(c) = the number of
times o] > o] +2 and o7 +1>cr —|—3forall] If

ol = 121064392115817
o2 = 115102617412983
o = 126614931011827
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then comdes® (o) = 2. We also must define a new homomorphism, 5053) A, —

Q]

p@(eg) = 1

_ (=1)™(1 - ZC)n_l an\ "™ B —(x — 1)n—1

(P(Q) (€2n) - (2n|)m ( n) = W
90(2) (e2n41) = 0

We use these to show the following theorem:

Theorem 9.

(2nh)™ 90(2) (hon) = Z xcomdeS(Z)(")

o€

Proof. As before we want to change the LHS into something we can intepret:

am; \m
@)™ o (han) = (20)™ Y (=1)""®)|By, 2n|H&(2’“)
i=1

et (2pst)™ i
= @) YD) By o (1)) 1))
pEn

1 £(p)
i) ) Chegn )™ H ( >

m ( )é(/‘) 2#
. _ n £(p !
Z | 2, ( 2n)| (2/1’12M2 2#2(#)) H ( >

pkn

We now interpret this starting with By, (5,) which we use to create a brick
tabloid of shape 2u and size 2n. For this example let p© = (2,2, 1).

We use the term (21“2“22.’.‘.2“[(#))7” to choose sets of length 24, out of [2n].

We do this m times. Next, we use (Q‘i) to color half of the numbers in each 2pu;
set blue and fill in the bricks in descending order with the blue numbers first,
every other space in each 2u; brick. After the blue numbers we do the black.
Again we do this m times. For m = 2 such a brick will look like this:

8
10

9
8

4
1

3 7
6 9

5
7

6
3

1 | 10
S 2

2
4
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Finally we put an x or —1 above each pair, with a 1 above the last pair in
each brick.

We apply the involution I as normal with the difference that we are not going
to combine two bricks if only some of the m sequences show a des(?) between
two bricks. We only combine if a comdes® is registered between two bricks.
As an example if we have

x 1 x 1 1
8 9 4 3 10 5 7 2 6 @ 1
10: 8 /1 .6 |9 7 3.5 ]2 4
then applying I gets us
8 9 4 3 |10 5 7 2 6 1

We can see that if we apply I again we will get what we started with. Fixed
points then are those T' that have an = above every pair except the last pair in
a brick and have no common descents between bricks in all of the m sequences.
An example of a fixed point is:
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We have then each z of a fixed point registering a comdes(®) so the weight
of our collection of objects, T, , is

Z U)(T): Z xcomdes(z)(d)

T a fixed point of I€T,,, oe&y
so Theorem 9 is proved. O

This of course will give us another generating function. Let J™(u) =
Ym0 (11'1:1—’)7" Proceeding as we did in Theorem 5 again we see that:

Z 2nlm S aeomdest@ = o2 (N g

o€ n>0

1
_ (2)
= (pm e

<Zn>o en(—t)">
B 1
- —(z n—1
L+ Yzt a0

-1

1+ ZnZl %(t)%z
—(z-1)

~@ = 1)+ L1 o (B2

—(z-1)

—(z =)+ (J™((z - D?) = 1)

(1-=)
—z+ Jm((x — 1)t?)

It is also noted that we can combine the g-analogue and n-tuple results.
We state here the results obtained but omit the proof as it follows an identical
method as before.

Theorem.

<2TL> [2n]q!2mtp,(12) (hQn) — Z xcomdes(z)(o)qzz’;l inv® (o;)

n
oe&y

n

If we let Ji"(u) = 3,5 W(f’”(g) this gives rise to the generating
function:
Z 2 Z xcomdes( )(5) Em L inv® )(0'1) (1 — JI)

[2n]12m (2M)™ —z+ Jr((z — 1)82)

n>0

o€l
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