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Provide concise and precise answers (vagueness will be penalized). Make sure the presentation is
neat (easy to read). Define any notation that you introduce. Name any result you use.

Problem 1. Below u : R — R is measurable. The underlying measure is Lebesgue's. Show that
po(z) = f(z — 6), with f(z) = C(B) exp(—|z|?), is QMD when 8 > 1/2.

Problem 2. Let P, = N(0, ;) and @, = N(&,, I,), multivariate normal distributions in dimen-
sion n with covariance matrix I, (the identity matrix). Find a necessary and sufficient condition
for P, and @), to be contiguous as n — co.

Problem 3. Consider a density f with respect to the Lebesgue measure on R which differentiable,
has zero median!, and such that the location family {f(- — 8) : 8 € R} is QMD. We want to test
6 = 0 versus 6 > 0 based on an IID sample X,..., X, from f(- —6).

1. Define the sign test with asymptotic level a. (Be explicit so the test could be implemented
using your description.)

2. Compute the asymptotic power of the test against an alternative of the form 8 = h/\/n with
h > 0 fixed.

'Equivalently, f_Ooo f(z)dz =1/2.



Theorem 11.2.4 (Multivariate Central Limit Theorem) Le¢ XI
(Xon,..., X&) be a sequence of i.i.d. random vectors mth mean vector p

SN

(k.. ... p%) and coveriance matriz £. Let X.., = 1 . Then

(.nl}"'(X‘li.l - ul)s vy n‘l:jz(xn.k - #k)) “—) 1\7(0‘ Z) ‘

Theorem 11.2.5 (Lindeberg Central Limit Theorem) Suppose, for each n,
Xnay..ooy Xu, are independent mal—valued mndom variables. Assume E(X...) =
0 and o, = E(X?,) < 0. Let s2 = Y7 02 .. Suppose, for each ¢ > 0,

e 1 Y
Z ;,—i-E[)i"_,l{an,,l > esn}] — 0 as n — 5, (11.11)

Then, 377 Xo. /80 — 'V(O 1).

Theorem 11.2.11 (Slutsky’s Theorem) Suppose {X,} is a sequence of real-
valued random variables such that X, < X. Further, suppose {An} and {B.}

satisfy An Lt a, and B, 5 b, where a and b are constants. Then, An X, + Bx A
aX +b.

'Deﬁmtlon 12.2.1 The family {PFs. 9 € 1} is guadratic mean dzﬁemntwblu

,(abbrenabed qm.d.) at 8, if there exists a vector of real-valued funcuons-
v 00) = (i (-, 80), .., Mi(+, 85))7 such that

@

/ [\/pg;.,_;;(‘as; — V/Pe.(€) — < m(z, 00, h >] dp(z) = o(|h[*) (12.5)
X

[ Y. - S

Definition 12.2.2 For a q.m.d. family with derivative n(:, 8), define the F zsher
Information matriz to be the matrix I(#) with (7, j) entry

L5(®) =4 [ :(2,0)n:(0,6) duz)
Lemma 12.2.1 Assume {Ps,0 € Q} is ¢.m.d. at 8. Let h € IR".

(i) Under Ps,, (na( Xz(gg)) h) is a random variable with mean 0; i.e., satisfying
Po,
1/2 _
/pgo (z){(n(z,60), h)du(z) =0 .

(it) The components of n(-,800) are in L*(u); that is, fori=1,...,k,

/7);;2(1', 6o) du(z) < co .



Theorem 12.2.2 Suppose Q is an open subset of IR", and Ps has density py(-)
with respect to a measure p1. Assume py(x) is continuously differentiable in 8 for
p-almost all x, with gradient vector pe(z) (of dimension 1 x k). Let

Po(x)
n(z,0) = —=--4— (12.9)
( 29" (2)
if pe(z) > 0 and po(z) ezists, and set n(z,0) = 0 otherwise. Assume the Fisher

Information matriz I(0) exists and is continuous in 6. Then, the family is g.m.d.
with derivative n(z, ).

Definition 12.3.1 Let P, and Q. be probability distributions on (&X,,F.).
The sequence {Q.} is contiguous to the sequence {P,} if P,(E.) — 0 implies
Qn(En) — 0 for every sequence {E,} with E, € F,.

Theorem 12.3.2 The following are egquivalent characterizations of {Q,} being
contiguous to {Pr}.

(i) For every sequence of real-valued random variables T, such that T\, — 0 in
Pr-probability, it also follows that T, — 0 in Qn-probability.

(i) For every sequence T, such that L(T,.|P,) is tight, it also follows that
L(T,|Q.) is tight.
(i) If G is any limit point ® of L(Ln|Px), then G has mean 1.
Corollary 12.3.2 Assume that, under P,, (Tn,log(Ls)) > (T, Z), where (T, Z)
is bivariate normal with E(T) = p,, Var(T) = o, E(Z) = u2, Var(Z) = 6% and

Cou(T,Z) = 01,2. Assume puy = —03/2, so that Qn s contiguous to P,. Then,
under Qnrn, Tn 18 asymptotically normal:

L(Tn|Qn) 3 N(p1 + 01.2,0%)



