
l. Ah'ALYSIS QuALIFYING EXAlv~. SPF~F:,.:; 2004 

Instructions: Clearly explain and justify your ::Lnswe::-s. You may cite the:xems froITJ. 
textbooks or that were proved in class a.s loLg as they are not \vhat the protlern explicitly 
asks you to prove. You msy also use the results of prior problems or prior parts of the 
same problem when solving a problem - this is allowed e"l.•en if you were une;,ble to prove the 
previous results. Make sure ta state the results ~ha.t you are using and be sure to verify their 
hypotheses. All problems nave equal value. 

Notation: Let m denote Lebesgue measure on (R, E?_l and (X, M, µ) denote a finite 
measure space. Also for a bounded measuraole function, j : ): - C, let M f : L 2 (µ) - L2 (u) 

denote the multiplication operator, Afth := f h for all h E L2 (µ). 

Exercise 1.1. In this problem (X, ll·Ji) is an infinite dimensional normed space. Determine 

which of the following statements are true. For the true statements give a brief reason and 

for the false statements give a counter example. 

(a.) If A= R \ E and m(E) = 0, then .4 = R. 

(b) Every m - null set E E BR. is nowhere dense in JP... 

( c) Every proper subspace E C X is nowhere dense_. 

(d) If Eis a subspace of);: ·with non-empty interior, then E = X. 

Exercise 1.2. Compute the values of the following two eA."Pressions. (You must justify your 

answers.). 

(a) 

~ 100 

-"x (-lt 2n~l , 
~ e - x · ax 

0 (2n+ l)! 
n=O \ 

(b) 

100 (100 

x2e-x
2 

sin (x2
) e-yxdx) dy. 

You may find the following integration formula useful; 

J e-axsinx dx = - a
2 
~ 

1 
e-= [cosx + asinx] + C. 

Exercise 1.3. Suppose that { un} ~1 is an orthonormal subset of Hilbert space, H, and S 

is a dense subset of H. Show { un} :=l is an orthonormal basis for H if 
oc 

(1.1) Jifil~ = L )(f/un)/
2 for all f ~ S. 

n=l 



Exercise 1.4. Let v:: E c;=- (.IP:_) and Jr : ?. _, JP~ be an aosobtei1· concinuous fuI1ction with 
' ~ . 

compact support and r.p * f be the convolu:ion of rp and f: 

(al,, Show _s;_ r\:.c"' 1f) (x\ = (:£: 1 * f')' (::::') fo:- ail x ER \ a.x / • , , ) , I .J . 

(b) Shmv (r.p' * f) (x) = k * f') (x) for all x E P~. 

(c) fa .. 'J)lain why there exists fn EC':° (JR) such that 

lim llfn - f liL=(IF..mi = 0 = lim !If - f~ liv;JR.m) · 
n-x · n-oc 

Exercise 1.5. Suppose that {f n} :,'=1 = L 3 (u) such that limn-+oo f x fn rpdµ, exists in C for 

all r.p E L 312 (µ). Show lvf :=sup llfnllL3(µl < oo. 

Exercise 1.6. Suppose f : X---; [-1, l] is a measurable function and rp: [-L l] -t JR is a 

bounded Borel measurable function. Show: 

(a) ll111~oJllB(L2(µ)) < ll'Pll 11 := SUP1x1::;1 l:P (.::)!where !IA1:,aoJllB(I2(µ)) = supl!ht2 (µ)=1 ll111cpofhjjL2(µ) 
is the operator norm of ,~f:pof· 

(b) Suppose r.p11 : [-1, 1] ---; JR are bounded Borel measurable functior..s converging bound­

edly to r.p, then, for all h E L2 (µ), 

L 2 (µ)- lim Mipnofh = Mtpofh. 
n--+-oo 

(c) Show by example that it is possible that limn-+oo j1Mcp,,oJllB(L2(µ)) / 0 even though 

'fn ---; 0 boundedly. 

Exercise 1. 7. Let f, g : X---; [-1, l] be measurable functions and U: 1 2 (X, µ) ....... 1 2 (X,µ) 

be a unitary map such that U M1U-1 = M 9 . Let 7i denote the collection of bounded Borel 

measurable functions, 'P: [-1, l]-+ JR, such that UMwofu- 1 = M<pog· Show: 

(a) r.p E 7i if r.p ( x) = L~~o GnXn is a polynomial with an E R 

(b) Show C ([-1, l],JR) c n. 
( c) Show 7-( contains all bounded real measurable functions. 

Hints: 1. The results of Exercise 1.6 are useful. 2. For (a) show r.p (Mf) = Mcpof· 3. For 

( c), notice that U Mcpofu-1 = llfc.pog iff 

UlvfrpofU- 1h = Mcpogh for all h E 1 2 (µ). 

(., 4. You do not have to prove (b) if you can prove ( c). 


