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1. ARaLvsis QUALIFVING Exanm, SFRING 2004

Instructions: Clearly explain and justifv your answers. You may Citg theorems Irom
textbooks or that were proved in ciess as lorg as they are not what the protlem explicitly
asks vou to prove. You may also use the results of prior problems or prior parts of the
same problem when salving e probiem — thiz is allowed evern if vou were unable to prove the
previous resuits. Make sure to state the results that you are using and be sure to verify their
hypotheses. All problems have equal value.

Notation: Let m denote Lebesgue measure on (R.5p) and (X, M, ) denote a finite
measure space. Also for a bounded measurable function, f : X — C let My : L* (u) — L* (1)
denote the multiplication operator, Mk := fh for all h € L* (u).

Exercise 1.1. In this problem (X, ||-]|) is an infinite dimensional normed space. Determine
which of the following statements are true. For the true statements give a brief reason and
for the false statements give a counter exampie.

(a) TA=R\ E and m(E) =0, then 4 = R.

(b) Every m — null set E' < By is nowhere dense in R.

(c¢) Everv proper subspace £ C X is nowhere dense,

(d) I £ is a subspace of X with non-empty interior, then £ = X.

Exercise 1.2. Compute the values of the following two expressions. (‘You must justify vour

answers. ).
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You may find the following integration formula useful;
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e sinz dz = ~————¢"* [cosz +asinz] + C.
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Exercise 1.3. Suppose that {u,}._, is an orthonormal subset of Hilbert space, H, and S
is a dense subset of H. Show {un}-, is an orthonormal basis for H if

(1.1) 715 =D [(flun)f® for all £ £ 5.
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Exercise 1.4. Let ¢ £ CF(F) and f : B — E be an absolutelv continuous function with

~

( compact support and ¢ * J be the convolution of ¢ and f:

cxflz)= | olz—v) i (yde
JE
() Show = (¢=f)(z)= (¢ *)(z)forellz € R.
(b) Show (¢ * r) (r)=(exf)(z)forall 2 = R
(c) Explain why there exists f, € C2° (R) such that

) su
TIL;IEC o — fHLw(R_m‘; =0= r{”{é i f'li:liLl(R_m) .

Exercise 1.5. Suppose that {fn},., T L°{(u) such that lim, e [, fadu exists in C for

all o € L3/* (u). Show M :=sup 1l zag < oo

Exercise 1.6. Suppose f : X — [~1,1] is a measurable function and ¢ : [-1.1] = R isa
bounded Borel measurable function. Show:
(a) IIA/—fwaB(sz)) < llelly = sup <1 l¢ ()] where H]W:oofllggp(#)) = SUDYa) 5 =1 “]\’Iwofhup(m
is the operator norm of M,.;.
c (b) Suppose @, : [—1,1] — R are bounded Borel measurable functions converging bound-
edly to ¢. then, for all h € L* (u), '

L* (p)- Bm My, oph = Myosh.
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(c) Show by example that it is possible that Hm, e [|My,orlf g r2(y = 0 even though
¢n — 0 boundedly.

Exercise 1.7. Let f,¢ : X — [~1, 1] be measurable functions and U : L* (X, u) — L* (X, u)
be a unitary map such that UM;U™" = M,. Let H denote the collection of bounded Borel
measurable functions, ¢ : [~1,1] — R, such that UMue; U™ = Mye,. Show:
(a) peHifp(z) = Zi:_o Gnx™ is a polvnomial with a, € R.
(b) Show C ([-1,1].R) C H.
(c) Show M contains all bounded real measurable functions.
Hints: 1. The results of Exercise 1.6 are useful. 2. For (a) show ¢ (My) = M. 3. For
(c), notice that UMuor U™t = My, if
UMpe; U™ R = Mo h for all A € L* (u) .

t' 4. You do not have to prove (b) if vou can prove (¢).



