Name: 1.D. #:
Math 240 (Driver) Qual Exam (9/12/2017)

Instructions: Clearly explain and justify your answers. You may cite theorems from the text, notes, or class as long as
they are not what the problem explicitly asks you to prove. You may also use the results of prior problems or prior parts of
the same problem when solving a problem — this is allowed even if you were unable to prove the previous results. Make sure
to indicate the results that you are using and be sure to verify their hypotheses. All 7 problems have equal value.

Notation: m or dz is used to denote Lebesgue measure on the Borel o-algebra R? where d may be 1, 2, or an arbitrary
integer in N := {1,2,3,...}. For two functions, f, g, on R%, fxg denotes their convolution when this makes sense. Measurable
means Borel measurable on this test unless otherwise indicated. As usual ||-[|,, denotes the L (u)-norm for the measure space
appearing in the given problem.

Exercise 1. In each case below find L (allowing for values of +00) and justify the calculations:

I
a) L= lim emeos(=?) gg.
n—oo 0
N N xk
— 1 2z
b) L= Nh_rgo kg_o/o ¢ dz and

[e ¢} (o) 2
c) L :/0 [/0 e YT mdm} dy




Exercise 2. In this problem let (2,5, 1) be a measure space (p is a positive measure) and f,, f : £2 — C be measurable
functions. Determine which of the following statements are true. For the true statements give a brief reason and for the false

statements give a counter example.

1.If f, = f in L? (p), then lim,, o0 fn (w) = f (w) for p-a.e. w.

2. Suppose that wy € 2 is a point such that {we} € B and 0 < pu({wo}) < oo. If f,, — f in L?(u), then f(wp) =
limy, 00 fr (wo) -

3. If f(w) =limy, o0 fr (w) for p-a.e. w, then f, B f e limyoyoo w(|f—ful=e)=0foralle>0.

4.1f u(2) < oo and f, — fin L3 (i), then f,, — fin L (u).




Exercise 3. Let H and K be separable Hilbert spaces, T': H — K be a bounded linear operator, and {u; };’;1 and {vg} o,

be orthonormal bases for H and K respectively. Show;

LY, ||Tuj||§< = 3% IT* vk )%, allowing for the possibility that one and hence both of these sums are infinite.

2. ||T||(2)p < Z;’il HTuJHi{ where ||, denotes the operator norm of 7.




Exercise 4. Suppose that ({2, B, i) is a measure space, {2, € B with (2, 1 2 and p(§2,) < oo foralln e N.If f: 2 — C is

a measurable function such that

/ |f11gl dp < oo for all g € L¥? (u),
2

show f e L? (u), ie. [, |f1> dp < co. Hint: consider f, := Lo, f1iyj<n € L? (n) for n € N and recall L3 (u) = L3/ ()" .




Exercise 5. Let g : R — R¢ be a measurable function which is essentially bounded, i.e. there exists M < oo such that

lg (z)| < M for m-a.e. x € R%. For f € L' (m) := L' (R%,m), let

(fxg)( / [ (x—y)g(y)dy. (1.1)

1. Show (f * g) (z) is well defined (i.e. the integral exists) and |(f * g) (x)| < M || f||, for all x € RY.

(f*9)( /f —y)dy.

3. Verity (f, * g) (z) is continuous in z for any f,, € C. (Rd) .

2. Show (f * g) () may also be written as

4. Show, for f € L' (m), that f * g may be written as a uniformly convergent limit of continuous functions and hence

(f * g) (x) is continuous in x.




Exercise 6. Suppose A € C and f € L' (m) = LY(R, m) satisfies, f* f x f (z) = Af * f (z) for m — a.e. z. Show f(x) = 0 for
m— a.e. T.

[Recall that || f gl 11y < W22y N9l L1y for all f.g € L' (m) and therefore, f * f and f * f * f are still in L (m) ]




Exercise 7. Let AC (]0,1]) denote the absolutely continuous functions on [0, 1] with values in R and for 1 < p < oo, let

Cp = {feAC’([O,lD):f(O)_Oand / |f’(x)|pd:v§1}
(0,1]
thought of as a subset of the Banach space, (C ([0,1]), ||-||,,) where

£l == max |f(z)] Vv feC([0,1]).

- z€[0,1]
1. Show C, is precompact in C ([0, 1]) for all p € (1,00).

2. Is C; precompact in C (]0,1])? You must justify your conclusion here.




