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General instructions: 3 hours. Be sure to carvefully motivate all inontrivial) claims and
statements. You may nse without proof any result proved in the text (as well as ones covered
in the lecture). If you use a theorem from the text (or lecture). refer o it either by name (if
it has one) or explain what it sayvs. Also verily explicitly all hypotheses in the theorem. You
need to reprove any result given as an exercise (unless it has been singled out and lectured
upon). If the statement you arve asked to prove is exactly a result covered in the class you
are asked to re-construct the prool justead of just citing the result as the proof.

Notations: m {(or i o dyy denotes the Lebesgue measure of the Euclidean spaces.

P(R") denotes the smooth finerions with caanpact support on R

(1) Determine if the statements below are True or False. If True. give a brief proof. If
False, give a counterexataple for prove your assertion in another way, if you prefer).
I your claim follows fromn o theorens in the text, name the theorem (or describe it
otherwise) and explain carefully how the conclusion follows.

a) (7 pts) Let (N.A1p) be a complete measure space. If foogn,g.f € L',
fn — fand g, — g ac. fyl < g and [ gpdu = A4 < oo for some A > 0, then

[ fadu— [ fdu

b) (7 pts) The iterated integrals
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Hence by the Fubini-Tonelli theoremn ity is (Lebesgue) integrable on [—1,1} x
(~1.1].
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¢) (7 pts) Assume that £ ix comtinuons real valued function on R and g is Lebesgue
measuraple, then [ > ¢ is Lebesgue measurable.

d) (7 pts) Let X be au infinite dimensional Banach space. Then every nonempty
weak*-open set in X" is unbownded with respect to the induced norm.

i
]
3
¢



e) (7 pts) A beounded sequence in a Hilbert space contains a weakly convergent

subsequence.

i
b
¥
5



ot

(27 (10 pts) Assume that [, is asequence ul measurable functions on (X, M p). Assume

that there exists a inteerble fanction £ such that |fx) < F prae., and fr, — |
a.e.. Show that f, -~ [ inwmecasure.




(3) (10 pts) Let || - fly and 1 |la be two norms on the linear vector space X. Assume
that every continuous linear functional f of (X | - |} is also a continuous linear
function of (X, |- il»). Prove that there exists a > 0 such that {loihy < allz|; for all
reX.




(4) (15 pts) If /€ LY(-~. -9y Lo, o) for every § > 0 detine its principle value

e o S |
p\,'/ Jlayde = lim (/ +/ >f(l‘)d1‘, !
o s—u\ /o Js ;

if the limit exists. For @ € D(R). put o) = ij ¢(x) log|zldr. Show that

integral to be

A
(a) (Spts) Aw) = P\'/ ——dz,

(b) (Tpts) Aoy = PV




(5) (15 pts) The following provides steps to give an alternate proof of the Lebesgue-
Radon-Nikodym theoreny.

Suppose that u and i are positive finite measures on (X, A0 and let A= p+v.
(a)(3pts) Thewap f — [ fdv iz a bounded linear functional on L2(\) so there |
exists g € L7(\) such that for any f £ LN [ f1=gydv = | fod
(b)(5 pts) 0 < g T Ve 5o we can assune that 0 < g < 1 everywhere:

(c)(d pts)  Let 4 = (o g < 1LB{r: gle) = 1}, and set Vo E) = (AN
EY.v (E)y = (B EY. Then g and v, << i
d)(3 pts)  Moreover di, = il - gi Uy




(6) (

(15 pts) Suppose thar o B Lo < (' {1+ ]2}~ "7 for some positive (" and e > 0.

Also assume that ofr) is measurable. If f € LP(R™) with 1 < p < o0, define
Mo} = sup if x o)
>0
where fxép(x) = | fluo - u,{UV dy. ol f,, H) Show that there exists C”,

independent of J such that .\] < C'H{
maximum function defined as

ul =
()
Hijie j: sup - / dy.
Bir.

| /;(1 T) -

vhere H(f) is the Hardy- thtleV\ood

END OF EXAM




