
l'v1ATH 240: Real Analysis 
Qualifying Exarn. September 8, 2006 

General instructions: 3 hours. r~o books or notes. Be sure to motivate all 
(nontrivial) claims and statements. You may use without proof any result proved 
in the ten. You need to rep:·ove any result given as an exercise. 

Notation: rn = dx denotes the Lebesgue measure. i X .. M, µ') is a measure sp&ce. 

1. (50p) Determine if the statements below are True or False. If True, give a 
brief proof. If False, give a counterexample (or prove your assertion in another 
way, if you prefer). If you claim an assertion follows from a theorem in the 
text, name the theorem (or desc;:-ibe it othenvise) and explain carefully how the 
conclusion follows. 

(a) (lOp) Let µ be a Borel measure on JR (i.e. a measure defined on the Borel 
algebra of JR) such that µ.IB) < x for everv bounded Borel set B. Let E be 
a Borel set and assume that µ.( K) = 0 for every compact set I,- ·= E. Then 
µ.(£) = o. 
(b) ( lOp) Let f: [-1, 1] ---. JR be continuous with f ( 0) = 0. For ever~: f > CJ, there 
exists an integer n ~ 1 and continuous functions u:r: [-1.1] ~ R,) = 1, .... n. 

such that u1tx) = 0 only at x = 0 and 
n 

sup _ lf(x) - L llJ (x)! < t.. 
xE[-1.lJ ;=l 

(c) (10p) Let u be a complex measure andµ a (positive) measure on (X,M). 
Suppose that X = AU B with A 11 B = 0 and v(A) = 0. Moreover, assume 
that there is a measurable function f: B __, C such that//(£) = JE f dµ. for every 

meas~rable E c B. Then there is a measurable function ]: X __, C such that 
. v = fdµ. 

(d) (lOp) Let Un} be a sequence in L 4 (X, µ). Suppose that limr,-x. fx .fngdµ. 
exists (as a complex number) for every g;::: L413 (X, µ). Then there is lvf > 0 such 
that llfnli4 ::; M for every n = 1. 2 ..... 

(e) (lOp) Let Un} be a sequence in L4 (X,µJ. Suppose that there iE: M > 0 such 
that llfnll4 ::; M for every n = 1. 2 ..... Then there is a subsequence Un"} such 
that limk-oc fx fn,gdµ exists (as a complex number) for every g E L413 (X, µ). 

2. (30p) Recall that fn __,, f in measure if. for every E > 0, µ.( { x: if IX) - f n (x); 2'. 
E} ) --7 0 as n ~ oc. . Let 1 S p < oc. . 



'l 

(a) (lOp) Suppose fn ~fin U'(X,µ.i. Show tbt .:r: _,fin mea8ur~. 

(b) (20p) Suppose f 11 ___,fin measure and ifr,i :; g a.e. with g E LP.')( . Show 
that f E U(X. µ) and fn _, .f in U(.~(, µ). 

3. Let 7-{ be a Hilbert space. T: 71 __, 7-{ a bounded linear operator. T': 7i _, 7-{ 

its adjoint (i.e. (Tx, y) = (x. T'yl for all x, y E H), and RJT). f/(T) its range 
and nullspace. respectively. 

(a) (15p) Show that N(T') = R(T)J_ and R(T·; =NIT).:,_. 

(b) (15p) Show that R(T*'I is closed if R(T) is closed. 

Hint for (b): Show that. for every y E N(T)1-. there is a bounded linear functional 
A: R(T) _, C. with the property that ATx = ix, y). Use this to show tha: 
N(T)j_ c R(T*). 

4. Recall that a function f: (a, b) _,JR: (with -ex: :; a< b:; x) is called convex 
if 

(1) f((l - X)x + >.y) :S (l - \\f(1·) -'-- ,\f(y). V.\ E (0, 1). x. ~' E ia. b). 

(a) ( 15p) Show that .f is convex if and only if for all x, y. 1J. y' 
x :::; x' < y' and :r < y :; y', 

(2) 
f(y) - f (x) < /(y'I - fix') 

Y - :r - y' - x' . 

E (a. b) with 

(b) ( 15p) Show that f is convex if and on]Y if f is absolutely continuous on every 
compact subinterval [c.d] of (a. b) and .f' is increasing a.e. 

Hint for (a): Interpret the two conditions (1) and (2) geometrically. Treat the 
two cases x' :; y and y < x' separately when shmving ( 1) -----:. ( 2). 

5. Consider the linear operator 

(T f )(y) := 1ov e-xYf(x)dx, y > 0. 

(a) ( l 5p) Let 1 < p < ex;, 1/p+1 I q = 1, and show that for nonnegative measurable 

functions f,g: (0, oo) _, [O, oo), 

rcx r= ( roe 'l/p( r= )liq 
Jo Jo e.-xy f(x)g(y)dxdy S Cp Jo f(x)~Tv- 2dx) Jc g(x)qdx 

where 

l
ex: 

-~ il- ' 
C ·= c •< ~.· P)!Pa~ p· ~ ~ ~. 

c 



' 

(b) (15p\ Show that the opers.tor Tis bouc1d::od en L2((0,rx:'i.m; and jlTfif:? < 
C2llflb. where C2 is the constant in !a) 1v·ith p = 2. 


