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1. Norn1s, Condition Numbers and Linear Equations 

Question 1.1. 

(a) Consider the subtrncti,)n .r = u - i1 of two real numbers o and b such that c =j: b. 
Suppose t bat a ctnd 11 are the rernlt of making a re!_at11'e perturbation .J.a and 
.Jb to (I a11d !1. F111d tlH: rebriY•: t'rtOr of .r =a - bas an approximation to J' 

and hence hnd a cu11dition rnuniler tor the operar.ion of subtraction. A.ssum.e 
that all caic:ulnt1011,, an do·11t ·1.11 ewe! unthmetn. 

(b) State tht· st1u1dunl ruund1nq-er1·n1 nwdd for floating,-point arithmetic. Given 
three representable number~ u. band c. cornpme the backward and forward 
relative error for the floating-point value§ of the expressions = ob+c. Describe 
a situation in wliicb .~ has large forward error. but small backward error. 

Question 1.2. Let A de11ote a svrnmetric positive-definite n >:. n matrix. 

(a) Prove the following,: 

o,>U. forall1 

1a11 i S \/Li" u J .1 . for all 1 a11 d J 

111(1X iu.,1; = llHi.X (l.,,. 
'•.I 

(b) Show that if Gaussian eliminatio1i without interchanges is applied to A. then 
the rernaiuinr; matrix is s:nnmetric positive definite at every step. Hence shmv 
that there exists a unit lower-triangular L a11d upper tria11gular C such that 
A= L[.-

( c) If A is fa.ctonzed using C aus:oiai1 clirnirrntio11 without imerchallf',(:'S. show that 
tlie 1"I'Owtli taciot p" sa1 ishr. 1

,.; 11 11 ,_ 1. 

Question 1.3. Ass11111<" tlin1 A is <111 111 11 rnatrix wit.Ii rank k (J; < rnin!rn.n)). 

(a) Dehm· wlrnt ic llll'dll1 hv :1 full-ru11I,: f11ctu·r·i:;utw·11 A =BC. 

(b) Derive a ful!-ra11k factorizatimi oi A in terms of the singular value decompo­
sition. (You may assume that the clec:ornposition is computed in exact arith­
metic.) 

( c) Using the singular-value decomposition of part (b), define bases for the sub­
spaces rangeiA) and null(AJ. Prove that the proposed bases satisfy the prop­
erties of a subspace basis. 

( d) Derive the pseudoinverse of A in terms of the full-rank factorization of part (b). 

( e) Using the singular-value clecom posi tior1 of part ( b). define orthogonal pro jec­
tions onto ranger A I and null: Ai. Prove that the proposed projections satisfy 
the properties of an orthogor1al projection. 



2. Nonlinear Equations and Optimization 

Question 2.1. 

(a) Derive '.\'. ewton ·s method for finding the reciprocal of a given nonzero scalar a.. 

(b) Determine the exact order o± cc•nvergence and asymptotic error constant for 
the method deriwd in part (a). r Do nut a ~tempt t.O derive the general rate­
ot-convergence result for ~e1Ytou · s method.) 

Question 2.2. Consider rhe funnicm f · IR 3 ~IR'. such that 

(a) Compute the spectral decomposition oft he Hessian matrix of second derivatives 
at :r = (0. L OlT. 

(b) Compute the '.\ewton dirt'CTiou am! rnuclihecl :\ev,·ton direction pf\1 at i. 
De1Pnlli!J(• ii rlllll v·\J an· dvscern dircc1jcm~. 

( c) Find <1 dirPctiou of Hcg:at iw l ll!T<H.mc that is et directiou of decrease for f at 
J 

Question 2.3. Let I Tl •; lit" - Lit b(o a continuously differentiable function on 

an ope11 convex se1 D Let \Jfu:) cle11ote the gradient off at any TED. If x1c is 
any point in V. Consider the quadratic model 

where: B is a given fixed symmetric positive-definite matrix. 

(a) Find the vect.ur JJk such thett.; =c .Li.~· p1, minimizes lfkl:r). and show that p1; is 

a descent direction for flJ'I at .r1. 

(b) Show that p 1, is a solutio11 of the p10ble111 

minimize 
\lf ( x)Tp 

i!PiiH 

( c) Given the direction Pl. of part 1 a;. forrnulette a back-tracking line search that 
\vill guarantee a reduction in f that is no worse than 11s times the reduction 

predicted bY the quaclrn.tic 111oclE0 ! q1,. 1vhere r;, is a pre-assigned constant such 
thRt U < 11., < l. Shuv1 tlrnt tlit· quadratic model predicts R decrease in f for 

all Cli. such that U < n1, < 2. 


