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1. (a) (10) Prove that it T = C'*,
T !(Tn Tiol»
L0 ngj g
P 4

then MT) = AT 11} U A(T2).

(b (20) Prove thatif A e C™" B £ CP*7 and X € C™P satisfy AN = N B, rank(\) =
7. then there exists a unitary @ € C**" such thar
Ty Tioiw
QH:/lQ:T: { 31 7-1— } .
U Loo|n—p
il =y
where A(T}1) = MA)UA(B). (Hint: consider QR decomposition of .X'. and use (a).)
2. fa) (25) State and prove the Schur Decomposition Theorem for 4 € C™*"  (Hint: use
induction and 1(b}.)
(b1 {10) Use 2(a) to prove that A € C™*™ has n orthonormal eigenvectors iff A% A =
A4H
3. {a) (25) State and prove the SVD Existence Theorem for 4 € R™*".
, ‘ Ay A , L A A
(b) (15) Let A € R"™". A = H 21 where 4y, 18 b x k. Use § = { ! 121‘
' 0 A o 0]
m o n. to show that o410 A) < [ Ass]ja.
(¢c1 (10) Let A € R™" "™ m > n. Show that there exist an orthogonal ) and a svrmmetric
positive semi-definite P such that A = 0QF.
4. {a) {20) Prove that & is a least squares solution to r = Az — b iff & satisfies the normal
equations. where A ism x n. m > n. )
(by (15) Let A by n x n, svmmetric positive definite. Let wu;.. ... U, be an orthonormal
basis of eigenvectors corresponding to A;..... A, Let w = 377 oyu;, S(p) =
{4+ ulytw. u > 0. Show that
D ysqul, = ST AT w7 S ()
du' " I
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Numerical Analvsis Qualifying Examination
9:00--12:00, Tuesday, September 9. 2008, AP&M 5829

Part C: Approximation, Interpolation. and Numerical Quadrature. We assume that
a.b € R with @ < b. For any integer n > 0. we denote by P, the set of all polvhomials of degree
< n and by P, the set of all polvnomials in P, with leading coefficient 1.

Question 3.1 [20 points]

Let nn > 1 be an integer. Let Q. € P, (k=0..... n) be such that

b
/ Q/(‘Z)Q,L(.L) dr =0

for any indices j and &k with 0 < 7 <k < n. Let P, & F,,.. Prove the following:
(a) The identity
Pn(-r) = COQO(I) e+ va—l@n—l\x) ha Q?‘I(I}
holds true for a unique set of real numbers c¢g, ¢1.. .., ¢1. Moreover,

b b b -0
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{b)y The inequality
b b
[ @uaitas < [ ipaiias
a Ja

holds true. Moreover. this inequality becomes equality if and only if P, = Q.
Question 3.2 {20 points]

(1) Calculate the Lagrange interpolation polynomial that interpolates the function f(z) = x1°

at points » = 0.1,....20. Justify vour answer.

{2) Let N > 1 be an integer. h = (b — a)/N. and «; = a + jh (7 =0,....N}. The composite
mid-point quadrature is given by

b N |
Ti_1+
a j=1 \ = /
Suppose f € C?[a.b]. Prove that there exists £ € [a.b] such that
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Flah g I]_l-fﬂJj _i AR2pnt
[ e —n 30 g (B2 - e e

J=1



