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1. ial (10) Pron• that if TE C"'ri. 

then >-(T) = ,\(T11 ) U .\(T22). 
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ib: (2U) Prove that if A E cnxn, BE C1"'P. and)\.- E C1<>P satisfy AX= XR rank(X) = 

p. then there exists a uni tar:· Q E C11 >" such tha1 

QHAQ = T = [T;1 ~12~1! 11 . 
u .L 2'.' ·::-p 

fJ n-1' 

where A(T11 ) =,\(A) U>-(BJ. (Hint: consider QR decomposition of_\, and use (al.) 

2. (a) \25) State and prove the Schur Decomposition Theorem for A E cnxri. (Hint: use 
inductiou and l(b).) 

3. 

-t 

(bl :10) Use 2(a) to prove that A E C11111 has n orthonormal eigenvectors iff AHA= 
AA1} 
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(25) State and prove the SVD Existence Theorem for A E JR'.111111
. 

( ~ L A mm>'.r 4 [A11 A12J l . .1 . 1 r U ~ Li) et E Jl\.. '. • = 
0 

A
22 

. w 1ere _--i 11 is ;· x ti:. se !:J = 

rn :< 11. to shovY that a1·+ilA)::; li.422112. 
\ lU) Let A E IR. 11

"' ". m 2 n. Show that there exist an orthogonal Q and a svrnmetric 
positive semi-definit.e P such that A= QP. 

r 20 J Prove that :i is a least squares solution to r = Ax - b iff i satisfies the normal 
equations. \vhere A is m x n. rn 2 n. 

( 15) Let A b:' n >< n, symmetric positive definite. Let ·u1 ..... U 71 be an orthonormal 
basis of eigenvectors corresponding to .\1 ..... ,\ 71 • Let u· = :L]=1 OfU:i, S(µ) 

1A -+- µI) - 1 u.'. µ > 0 Shuw that 

~11s1 H'l = - S(µJT(A' µ1!-1S(µ) 
dµ I \P I~ llS(µlll2 . 
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Numerical Analysis Qualifying Examination 
9:00--12:00, Tuesday, September 9. 2008, AP&lVI 5829 

Part C: Approxirnation, Interpolation. and Nmnerical Quadrature. \\"e assume then 
a./_; E R \\"itii o < /J. For am· integer 11 2 0. we denote bY '.Pn the set of all polynomials of degree 
:S n and bY '.? 11 the set of all poln1omials in 'J\ \Yith leading coefficient 1. 

Question 3.1 [20 points] 

Let 11 2 l be au imeger. Let Qi, E 'J'; ( k =CJ .. be such that 

lb Q_1(1· lQk(:EJ dx = 0 
'· (l 

for arn i11clices j and k \\·ith 0 :S j < /; :Sn. Let P.11 E '.P,,. Prove the following: 

la) The identity 
Pn(.rJ = coQo(.1) + · · · + C11-1Q11-1\:1') ~ Qn(:r) 

holds true for a unique set of real numbers co, c1 .... , c11 _ 1. Moreover, 

f 
b 

~Pn 
• n 

(bi The inequality 

holds true. I'vioreover. this inequality becomes equality if and only if P,, = Q 11 . 

Question 3.2 [20 points] 

(1) Calculate the Lagrange interpolation polynomial that interpolates the function f(:t) = :r10 

at points 1· = 0. 1. .... 20. Justify your answer. 

(2 J Let J\' 2 l be an integer. h = (b - a )/N. and x 1 = a--:- jh (j = 0, .... 1\-). The composite 
mid-point quadrature is given by 

l b f\" (x. , ~ , .. ') f ( :r) dx :::::: h L f 7 - • 
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Suppose f E C2 [a.b]. Prove that there exists~ E [a.b) such that 

rb ~ (' X 1 -'- X ). 1 . ? If j a f (l"i d~r - h ~ f \ J - '.2 J = 
24 

( b - a) h - f ( 0. 


