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General guidelines: You may cite without proof any theorem given in the text (unless
explicitly stated otherwise). You need to reprove any result given in an exercise. If in doubt,
please ask!

1. (15 points) Let Q be a open subset of €. For compact subset K of {1, define the hull

K ={z]z€Q,|f(z)] < sup |f(w)|, for every f € O(Q)}.
weK

Let K. be the convex hull of K, namely the smallest convex subset of € containing K.
Show that

a) d(K,C\ Q) = d(K,C\ Q);

b) K ¢ K..

Hint: A set S C C is convex if and only if tZ) + (1 — t)Zy € S for all t € {0, 1], provided
that Z,,Z, € S.



2. (20 points) Suppose that u is a C? subharmonic function on the whole complex plane.

ﬁ“ a) Prove that for any positive R} and R, with Ry > Ry,
n 05 i0 Ry
/ (u(R.ge ) — u(Rye )> dé 2/ log { — | Audzdy.
0 Ry<iz|<Ro lz‘

b) Show that if u satisfies that

then v must be a constant.




3. (15 points) f is an entire function. Assume that f(z + 1) = f(z) and |f(z)] < ¥ for
some C' < 27. Show that f is a constant.
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4. (15 points) Assume that f and g are entire functions of finite order A. Assume that for a
sequence a,, f(a,) = g(a,) and ¥ ja,|~**9 = oo for some ¢ > 0. Show that f = g.
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5. (15 points) Suppose that a linear transformation carries one pair of concentric circles into
another pair of concentric circles. Prove that the ratios of the radii must be the same.
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6. (10 points) Let f be a holomorphic on the closed disc of radius R and assume that f(0) # 0.
Let the zeros of f in the open disc be ordered by increasing absolute value,

c 21,22,y AN

each zero being repeated according to its multiplicity. Prove that

SUP|:j=R | £(2)] . -
——}%T—-—l"']'-au"‘]v['

f0)] <




7. (10 points) For each v ¢
such that

L //(tw(z)z” drdy =0

there exists a u € C5°(C) such that

C5°(C) (the space of smooth functions with compact support)

ou o
R
L END OF EXAM




