
MATH 220; Complex Analysis 
Qualifying exam. May 24, 2004 

General instructions: 3 hours. No books or notes. Be sure to motivate all 
(nontrivial) claims and statements (and be careful in your estimates). You may 
use without proof any result proved in the te:\.i (i.e. Chap. I-IX.I in Conway; if 
you are not sure, ask!). You need to reprove any result given as an exercise. The 
notation B(a, r) := {z: lz - al < r} and lDl := B(O, 1) will be used. Moreover, 
G denotes an open region of the complex plane and O(G) the space of analytic 
functions in G. 

Specific instructions: Do problem 1 (true or false) and choose 4 of the 
remaining 5 problems (2-6). Indicate clearly on the front page which 4 problems 
you want graded! 

l. For each of the following, determine if the statement is true or false. If true, 
give a proof. If false, disprove it (e.g. by giving a counterexample). (Hint: each 
problem has a short solution.) 

(a) (!Op) There is a Mobius (linear fractional) transformation sending the triangle 
with vertices at {O, i, 1} to that with vertices at {O, i, 2}. 

(b) (!Op) Let (X, d) be a metric space. If a Cauchy sequence {xn}~=l in X has 
a convergent subsequence, then {xn}~1 is convergent. 

(c) (!Op) Let l+(t) = eim and 1-(t) = e-im, fort E [O, l]. Then, we have 

l+ (2z: 1)2 dz= l_ (2z ~ 1)2 dz. 

(d) (!Op) Let fn E O(G) be a sequence such that fn(G) C lDl\ {O}, for n = 1, 2, ... , 
and assume that fn-+ fin O(G) (as a metric space). Then, either f is constant 
or f(G) C lDl \ {O}. 

( e) (!Op) There is a sequence of complex numbers {an} ~=o and strictly increasing 
sequence of integers {Pn}~0 with Pn ~ n such that the radius of convergence of 

is one but that of 

is less than one. 
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2. (25p) Let f E O(IDJ) and assume that lf(z)I S 1 in IDJ. Show that 

lf(O)l - lzl < ~ < IJ(O)I + lzl 
1 + IJ(O)jjzj - jf(,.)I - 1- lf(O)llzl. 

3. (25p) Let f and g be meromorphic functions in C. Assume that 

lf(z) + g(z)j S jg(z)i 

for every z EC which is not a pole of either for g. Show that there is a constant 
c with jc+ lj S 1 such that f(z) = cg(z). 

4. (25p) Let G be an open connected and bounded subset of the plane C, and 
f: G-+ C an analytic function with J ( G) c G. Let r denote the nth iterate of 
f, i.e. 

r(z) = f 0 f 0 ... 0 f(z). 
"-..-' 

n times 

Suppose that a E G is a fixed point off (i.e. J(a) =a) and IJ'(a)I < 1. Define 
the basin of attraction of z =a to be the set 

0 := {z E G: lim r(z) =a}. 
n->oo 

(a) Show that there is a '5 >Osuch that {z: jz - aj < o} c D. 
(b) Show, using part (a), that in fact D = G. 

5. (25p) Let K be a compact subset of the plane C and k its polynomial hull, 
i.e. 

k := {z EC: jp(z)j S sup jp(w)j, for every polynomial p}. 
wEK 

Show that if z EC\ Kand there is a curve/ C C00 \ K connecting z to oo, then 
ztt.k. 
6. ( 25p) Let G be an open region in C and {Zn} a sequence of distinct points in 
G without limit points in G. Suppose that for each n, you are given an integer 
mn and a sequence of complex numbers { Wn,d ;:-1;0. Show that there is J E H ( G) 
such that, for every n, 

J(k)(zn) = Wn,k, k = 0, 1, · · ·, ffin. 

Hint: First show that, given an integer m, complex numbers wk fork= 1, ... , m, 
a point z = a, and an analytic function g which vanishes to order m + 1 at z = a, 
then one can find a rational function 

m+l bk 

S(z) = ~ (z - a)k 
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such that the product f(z) = S(z)g(z) has a removable singularity at z =a and 

f(k)(a) =wk, k = 0, 1, ... , m. 


