
QL.\.LIF\'I::\C EXA:'.\.f: APPLIED ALCEDIL.l,. ~pring 2(l07 

Try to clo ;,::; in;rn~· Jlr'Jblm::.ic; a:~ J.His-.;iblr~. preferr:1hly \'.'it li at least nvo pro::lc11s fr0111 each 
groqi. Tht• g-radillg ·will 1>P :·e:-:c:alcd so fra7 it v:ill make 1m (j()'/, of ti1c C<Jlllplen· srnrc of 
t.lH' exam. 

1. (a; Let Ff be g(~ner;ii.Pll by r; awl h iYitL tLe relatious r; 3 = l //; ancl ulJ =Im. l.(o. 

H ~ Z/3 x Z/:l. Writ<" dmrn all irr1~clw:il>lf" rcprt~se11t:11ious of H. 

Let now G be the gTnup !::,'(·~1wrated rJy IL Ii. c. with rclatiuns as in (a) as \\•ell ;;.s vdt.h 
c3 = 1 and co 1b·1r·- 1 =11'//"'·.i. You ca11 assume that G has order 27. 

(h) Cakular.e the matricPs of the generators 11. band c in thP reprt"f-w11tation HT induced 
h~· a given irreducible representation 1· of H. DeterruinP for which 1· all elements of 
H act via multiples of tlw identity matrix on lF. Show din•ctly that iu this case the 
induC'ed represn1tatio11 is reducible. 

( c) Derermim• all irredncibk represe11tatio11s of G. 

'1 Let B be t.he rnar.rix giveu Ly B = [ ~ ~ ~] , arnl let F = C'1 1w au irn'ducibl(' 
27 () :~ 

G-modulc for a finite gnmp G. \Vith g E G acting via tlw matrix A.y 011 \'. Let 
C i ) 4. B4.--1 - = !GI '-'9 - g •· .l/ • 

(a) Calculate Tr(C). wlH~re Tr- is the mmal trace. 
(b) Calculate C. 

:L Let G be a finite gi·oup. and let p = I:: nqy he a minimal idempotent in tlw simple 
compouent of CG labeled by >... Let cl;. be tlH' dimension of a simple G-rnoduk• on 
which p;.. acts nonzero. 
(a) \Vhat is the dirnensiou of the space pCS11 ':' \.Vhat i:-; x,.e9 (p). \\'lwre )1 ,.,,9 is the 
character of t.lw left-regular representation. 
(b) Calcula.tP the coefficient n1. 

II. Symmetric Groups and Symmetric fm1ctiorn; 

4. (a) Expand the product of Schur fnnctimu; s;..sr121 into a linear combination of Schur 
functions for all '{oung <liat,rrarrIB ), with three boxes. 

(h) Decompose the simplP S 5-module \.f3. 2; into a direct sum of simple 83 x Sr1110dule.s. 
with 83 permuting the letters { 1. 2. :q. an.d S2 pernmti11g tlw letters { 4., 5}. 
( c) Detenni11e the decomposition of l-[3.'.!l a:; a direct sum of simple S3-modules a.ud 
giw the structure (i.e. d<>composition im.;, simple matri.-x algebras) of tlw ('.OilllllUta11t. 

of the S:i action on 1 [3.2]· 



.S. Ler lT .. bP the 1.S'!;-2.11od11le ob;aiued b\p ind11ci11.g np fr0111 the .5c >: .. S'3 !11odnl(; 1·[::!.J)'~~::.\ .. ~~. 1 ]: 

hen~ \ ~ d~'.:1otes the si1up](' 8 71 -rnoclnk blwh•d b:,c ~ht· Yrnm~ (liagrn.m ,\. Deterwiue 
tiw decomposition of n· imo a din~c:r Slllll of i:Tf~('.ncihk Su-modules. 

G. Lcr " lw an (n - l )-<·:-·c:k iu S11 • Dc·rcn11i11F :~11 YmE1g t!:ag:rnm,; .\ 1Yith 11 hilxPs for 
>d1ich \>,(7T) ::/:- (1. Pani:ti c:n'dir if vou calculate <·•11 tfoU"<1crers of an (n - 1)-c:>'cle for 
TJ == :) . .:.1. 

Pa.rt III: Conmmtatin: Algdm,1 aud C-riilmcr Bases 

7. Consider the ickal I gl~IH:rated l1y the pol:-·::.wrnials :r2 - y 2 -:- 1. :i: 3 + 11'.! + .::~ - 1 and 
y2 -i- .I}.:: - 1. 

(a) Calculate a Cri)lrner basis for the lexicographical order :r > y > .::. 
(h) Calculate all tlw solutions ,given b~· tlw counuon zeros of the ,gPncratiug pol:vrn •­
rnials, i.e. calculate t.hc varinty F (I) of I. 

8. Let G = Z/:~ act on a t.wo dimensional veer.or spac(~ a:; a (fo\gonal matrix wit.h diagonal 
entries being o= 1 . where {) = c'.:r.i / 3 . 

(a) Fiu<l a s?stem of g£>,uerators for k[.T. y]G. 
( b) Calculate the Hilbert series for ld:r. y] c. 
( c) Find at lea.st OlH' relation among th(' generators i11 (a). Giw a prec:ise descriptiou 
how you wonld find all possible rda t.iom; (yon need not carr)' out the calculations). 

9. (a) Shcrw thP following: Let G lie a finite grnup. aud let g i--+ A.9 E Cl(Cn) aud 
g -t- B 9 E G/(Cn) be two equivaleur representatious of G. Show that. the rings of 
in\·ariants k[.r 1 . :t 2 . ..... T.11 jG(AJ aud k[.r 1 . . r'.! . ... , :rn]G'B) ddined by the:-w t.wo actions 

hav(~ thP same Hilbert series. 
(11) Give two ('Xmnples uf a11 action of a group G on a two clirneusional vector space 
which lead to t\vo different Hilbert series of the corresponding riugs l.:[:r. y]G. 


