Try to do as wany problens as possible, preferrably with at least two prot

QUALIFYING EXAM: APPLIED ALGEBRA Spring 2007

s from each

croup. The grading will be rescaled so thar it will wmake up G075 of the complere score of
the exam.

Part It Representation Theory

{2} Let H be generated by 4 and b with the relations o¥ = 1 = b* and ab = ba. ie.
H=1Z/3>»Z;3. Write down all irreducible representations of H.

et now (7 be the group e=nerated by a. b, ¢, with relations as in {a) as well us with
Let v ( o @ 3 .
3 =1 and ca’d et = a7 You can assume that @ has order 27

(b Calculate the matrices of the generators a. b and ¢ in the representation W induced
by a given irreducible representation V- oof H. Determine for which 17 all elements of
H act via multiples of the identity matrix on W, Show directly that in this case the
induced representation is reducible.

{¢) Determine all irreducible representations of G

2 3 1
Let B be the matrix giveu by B = | 1 1 1|, and let V= C? be an rreducible
27 0 38

G-module for a finite group G. with ¢ € ( acting via the matrix 4, on V. Let
ro 1S 4 pa-)

C = Zg AgBAS

{a) Calculate Tr(C). where Tr is the usual trace.

(b} Calculate C.

Let G be a finite group. and let p = 3~ a,9 be a minimal idempotent in the simple
compouent of CG labeled by A, Let dy be the dimension of a siinple G-module on
which py acts nonzero.

(a) What is the dimension of the space pCS,7 What I8 xree(p). where 3, is the
character of the left-regular representation.
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(b) Calculate the coefficient cyy.

II. Symunetric Groups and Symimetric Functions

(a) Expand the product of Schur functions sxsp2) into a linear combination of Schur
funcrions for all Young diagrams A with three hoxes.

(b) Decompose the simple Sg-module Vi3 o into a direct sum of simple S3 x Sy-modules.
with S3 permuting the letters {1.2.3} and Sy permuting the letrers {4,35}.

(¢} Determine the decomposition of Vi3 o as a direct sum of simple Ss-modules and
give the structure (i.e. decomposition into simple matrix algebras) of the comnutant
of the S5 action on Vi3 9.




6.
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8.

Ler /7 be the Sg-nodule obrained by inducing up frow the Sg > Sz module 1 SV
= [ Jt 1

here Vy denotes the siinpie S;-module iabe lwl by the \mui{; disgram A, Deterinine
thie decomposition of W7 into a direct stin of irreducible Sy-moedules.

Let 7 be an (v — D-cvele in S, Derermine all Youug diagrams A with » hoxes for

which vy (7)) # 0. Partial eredit if vou calculate all characrers of an {(n — 1)-cyvele for
n =234
Part III: Commntative Algebra and Grobner Bases
3, 2 o i
C (Jl.hld( r the ideal T generated by the polvuormials =yt =1t 4yt 4+ 2%~ 1 and
y? +ys— 1.

>y oz
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(a) Caleulate & Groboer basis for the lexicographical order «
(b) Calculate all the solutions given by the common zeros of the generating polyno-
mials, i.e. calculate the variety V(I) of I

Let G = Z/3 act on a two dimensional vector space as a dingonal niatrix with diagonal
entries being 05!, where 0 = ¢*=/'3,

(a) Find a svstew of generators for Il
(b) Calculate the Hilbert series for iz Yyl

(¢) Find at least one relation among th(! g(—!n(-:rat()rs in (a). Give a precise description
how vou would find all possible relations (vou need not carry out the calenlations).

(a) Show the following: Let G be a finite group. and let ¢ — A, € GUC") and
g —. By € GI{C") be two e ;ui\'alunr 1'(*presel'1t,a‘(,ious of . Show that the rings of
invariants klry. re. ... .7:,,‘.C’< and k. 7o, ..., 2,19 8) defined by these two actions
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Y

have the same Hilbert series.
(L) Give two examples of an action of a group G on a two dunensional vector space
which lead to two different Hilbert series of the corresponding rings kiz.y]¢




