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Do all problems.

Add your name in the space provided and staple this page to vour solutions
for Section #1.

Start your solutions for the questions in Section #2 on a fresh page.

Write your name clearly on every sheet submitted.




1. Linear Algebra

Question 1.1. Assume that (), ) is an eigenpair of A € M, such that am({X) =
- v . . . 7 . (Y .
gm{A) = 1. Prove that there exists a nonsingular mawrix {z X} with inverse

| (y Y:)* such that

3 N\
Y ) o _ (A0
(y*'/) Alr X)= <O ]\4f> :

: Question 1.2. Given A £ AMp, with m > n, prove that there exists a unique
’ U € My o with orthonormal columns, and a unique Hermitian positive semidefinite
H € M, such thatr A =UH.

(State in detail any auziliary results that you use.)
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2.7 Group Theory

Question 2.1. Let G be a group and let Z(G) denote its center.

(a) Show that if G/Z(G) is cvelic then G = Z(G).

(b) Show that if card(G) = p®, for some prime number p and G is non-commutative
then card(Z(G)) =p.

(c) Construct a non-commutative group G of cardinality {order) 16 whose center

‘ Z(G) is not cyclic.

Note. As usual, card(X’) denotes the cardinality of the set X"

, Question 2.2. Let n be an integer. Let G, be the group given by generators and

relations as follows.

1

Gn=(z,y | 2°=1, ayz! = y™

(a) Provide (with proof) necessary and sufficient conditions on the integer n for
the group G, to be finite.

(b) Assuming that G, is finite, compute its order as a function of n.




