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Algebra/Applied Algebra Qualifying Exam
Part 1 -

September 10, 2004

tate and prove the Caylev-Hamilton Theorem. {You may use the Schur Decom-
position Theorem.)

(a) Showthata,---,an, € R™ are linearly independent over C iff they are linearly
independent over R.

(b) Show that if A € M,(R), then an eigenvalue A of A is real iff it has a real
corresponding eigenvector.

Let £ be a least squares solution to Az = b, where A € M, and m > n. Let A

be the pseudo-inverse of A. Use the Singular Value Decomposition to show that
Z = A'b is the min 2- norm least squares solution to Az = b, i.e., show

a)

7 is a least squares solution,
b) if Z is a least square solution then ||Z||o > ||Zll», and

(
(

(¢) Z is unique.

: My = set of m X n complex matrices.

M,, = set of n X n complex matrices.

M, (R) = set of n x n real matrices.




Applied Algebra Qualifving Exam: Part III
Fall 2004. September 1€, 2094

Ca- many problems as vou can, but ¥ o2 must attempt & least 1 problem from probiems 1-3, on= problem
from -7 and at least two problems from 7-8. The point valuss are relative values for this part of the exam.
Your final score will be scaled so that this part of the exam will represent 60% of yvour point total.

Let N = {(,1 , 2 ={0,£1,=2, ...},  egual the rationals and C denote the complex numbers.

L ; 1 p
IFXA= (A > X >...> A is a partition ¢/ n, let A* denote the irreducible representation of the
symmetric group S, such that the Frobenius image of " = x* is the Schur function Sy(z1,...,2n) where
N > n.

1) (20 pts.) (a) Prove that if G is finite group and A(z) is a linear character of G, then for any irre-
ducible character y of G, the function x™ defined by x™(¢) = A(o)x (o) for all ¢ € G is also an irreducible
character of G.

(b) Let A : G - GL,(C) and B : G — GL,(C) be wwo representations of a finite group G. Show
that if for all ¢ € G, there exists a matrix P{c} such that

(P(a))"t A(e)P(e) = Blo),
then there exist a nonsingular matrix T such that for all &,

T A(0)T = B(o).

"\ ‘40 pts.} Let G = {g1,--.,9x} be a finite group. Introduce variables z,,,...,z,, and consider the k x k
t

rix
1 — 1
A [Ig.‘g:'J'

Let X = b | A(g:)z,, so that we can define a map g; — A(g;).
(a) Show that A is the left regular representation of G.

(b) Show that

det(X) HdetZA (9)ze)"

=1 9€G

where A1), ..., A" are a complete set of representatives of the irreducible representations of G and n, =
dim(A")Y forv=1,...,h.
c) Use part {b) to show that

o I T2 ... ZTp-

In-1 Zo Ty ... ZIn-2 n—1
det | Tn-2 Tn-1 T0o --- Tn-3 | = H(:r:o +€z + T+ eV, 1)
. . . . o

I Iy I3 ... Io

where € = e27/n,

E!; (20 pts.) Given a partition A of n, let {{\) denote the number of parts of A and A’ denote its con-
jugate partition. Let Xz‘ denote the value of the character of the irreducible representation A* of S, at the

conjugacy class indexed by the partition u. Show that x} = (=1)n~H#)y.
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