
--"~i;;ebra qualifying exam Ma:v JS, '.2007 

Name: 

''[n ]" means the proi)lem is worth n p01rn:s. 

1. Let p be a prime. and G a group cf o:-der p3 . 

a [20~. Prove that G has a normal subgroup of order p~. 

1 



b. Assmr.e that G ha.0 a cv~iic n0rmal sc.1bgroup N of order p 2 , generated by 

some element n. Ler g '.)e a:1 elerneEt nor in N. 
i [5]. If the order 19

1 
of J is p:3, clfassif:: the possiLle CU!:~ to '.sc.morphism. 

ii [151. If the order lgl of g is p. cla.ssify the possible G up to isomorphism. 

(Incidentally. there exist groups of neither type. such as the group of 3 x 3 
upper triangular matrices over F P with ls on the diagonal.) 
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·I Let. I. J be nvo idet1Ls in a commutati':e rin;; R (,~·irh ur:i.it). 
T \ 

.i I· Shu-;,· that. I\ is an '.deal. 
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b [lOj. If R is a pr:.ncipal ideal domain, so I 
for a generaror k of f,-. 
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(i\. J = give a formula 



:3 ['.23]. Describe. up to isomorphism, &11 the .R[:r~-mockle ~tructures one might 

put on a 3-cLimensions.l real vector .3Dace 1. extending ti1e :Cxed R-action:. 



-L Let ·S[x]/(:-z~n'.\ de:1ot.e the eYident C~.T~ (bi)111cdl1le~ nnd 1et 71?, 'n ~ !'~. 

a [15]. ShoY\" that tiiere exist d 1 ..... d;, s·Jch that 

],; 

C[:rj/(:r') ~-c::~; C[::-> ·':r"': ~· @q1-j/ 
•=1 
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b [20:. Determine ::he ·~d,} in :.e:·1:1s of m. n. 

Hint: figure out the ~-<:::ion c/ :r on th·:· obvious C-::.c1,is 
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5 '.30:. H.ecall that a "'~)erfect ·· field uf characteristic p 1s one ror which ' t.ne 

Frobenius r.aap Fr: :r - ~-;_·Pis onto. 

Let ]\~ f)e a J->erfec:t fieicl. and .J..r:i an algebraic e:x:te1lSlon. Sl10\Y that F is 
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