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e Do all problems.
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Question 1. Let T : M,(R) — M,/R) be the transformation such that

TIX)= (X = X%,

YO =

{a) Prove that T is a linear transformation.
(b) Determine the null space of 7 and find its dimension.
(c) Derive the maxrix representation of T in terms of the standard basis for Mj.

Question 2. Prove that a triangular matrix is normal if and only if it is diagonal.

Question 3. Assume that (A, z) is an eigenpair of A € C™*" such that am(\) =
gm(A) = 1. Prove that there exists a nonsingular matrix (z X ) with inverse

(y Y )* such that
: \ A
Y lA(z x)= .
Y- ) ' 0 M

Question 4. Let G be a finite abelian group of order n. Suppose that G has a
unique subgroup of order d for each positive divisor of n. Prove that G is cyclic.

Question 5. Prove that a group of order 120 is not simple.

Question 6. Let G be a group whose center has index n. Show that every conju-
gacy class in G has at most n elements.

Id

Question 7. Let F be a prime field(the rationals or a field with p elements}. Prove
that the algebraic closure of F' is infinite dimensional over F.

Question 8. Let F be an infinite field. If L is a finite dimensional extension field
of F and there are only finitely many intermediate fields. show that L = F(u), for
some u.

Question 9. Let p(z) = z° + 32> + 2. Find the Galois group of the splitting field
p(z) over the rationals and over the field of five elements.

Question 10. Classify all rings with identity elements that have nine elements.

Question 11. Let R be a commutative ring with identity element. Suppose that
for each = € R there is an n(z) > 1 such that z™*) = z. Show that every prime
ideal of R is maximal.

Question 12. State and prove the Hilbert Basis Theorem.

Question 13. Show that there are infinitely many maximal right ideals in n x n
matrices over the rationals when n > 1




