
_ALGEBRA QUA.LIFYING EXAM 
September 12~ 2008 

Do All Prublenb 

: l .! Let G be a finite group of order a prime power. Show that G is nilpotent. 

(:2! Show that a group of order 30 has a normal subgroup. 

(31 Show that if G is a group of order p2q, where p and q are distinct primes. has 
either a normal p-Sylow subgroup or a normal q-Sylow subgroup. 

( 4) Let E be a finite Galois extension of F with an abelian Galois group. Shovv 
that an)· intermediate extension is also Galois over F. 

( S) If L is a field algebraic over the subfield K. show that an)' J(-monomorphism 
of L to L is onto. 

( 6) Let R be a commutative ring ring with identity and S the set of non zero 
divisors of R. Using Zorn's Lemma. show that there is a prime ideal of R that 
intersects S trivially. 

(7) Show that the polynomial ring over a commutative ring with identity has 
infinite!:· many maximal ideals. 

( 8 J Let R be the polynomial ring in n variables over the field k. Show that 
an:· maximal ideal in R intersects the polynomial ring in each of the vari­
ables. (Hint: Nullstellensatz) 
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REPRESENTATION THEORY 

(10) 

. !1e ~]'(up aigebra )f ct :mite group r then j = 0 

H1::t Use the Fou:·ier 1 ran,Jonu (20) 

R.3 Let the group [ aC\ 011 it fanlih T and ler \ i,,_. the character of the representat'.on resulting 

from this act1or .. 

a) Show that the rnulr 1plic111· ,,f ti it· tr1\'i"l 111 \ h1~ representation is equal to the number of 

orbits of F under tlw c1ct 1011 1Jf J • (20) 

b! Show !hat the imeger i \. \ I ( l)\]]11.c I lw 11\\T;JiJt'! uf" orbirn Ill rhe action of r 011 the famih· 

of ordered pairs ( 201 

: If. 11: f g-:: F} 

c J Suppose that r act::, tra11~itivt'.h· 011 F Lei }, ht- au element of F. H be its stabilizer and 

let 

be the double cuset clecurnpusit1011 111 r rt'.'llitlllg from the equivalence relation 

(forsome h'.h""°H 

Show that in thi~ ca.-;e \.\- \/r /; (30) 

Hint Use part b J 

R.4 Give the expansiou of llw Carlllr pulv11u1111al GTi.J I corresponding to the tableau 

'/ ') ;3 :) 

(J 

in terms of the Garnir polyuoru1al~ 1./ t lw s1 audard Lc1bleaux of same shape. (20) 
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R.5 Lei P(Ti be the You:;~ lde111p01 t'L; c·xrt".'poncing w lhe re•\\ ~-:·cup c1f the t.able:rn 

·) 

PART II 

SY:\11\lETRIC FU~CTION THEORY 

100 point.~ ,2e;.~ YOll fuil t·1 Hli·, lllurc· wo•.ild be heavenly 

ST.l Use the SF package t.o curnpu:e the twu ~caiar products 

a) > ,\
1

~.2.1,:'.(JI \ 
51 ~ 

·)· 2 \!(It 
\ 

( ·~. I 
I !r-J l,1) ) 

O! ~ 
aESs 

1) Give a representati011 theon~l ical ir11.erprci..auo11 of the resulting integers. 

2'\ Could ,vou have predicit·d tlw a11~w<T 101 i.>I givell 1he answer for a)~ 

ST.2 Show that 

1
1• I 

where h>, denotes the product ,,1 t !w l1uub ul . .\ 

~/l\!I,\ 
~ it\ 

ST.3 Give a represe111 at.J<Jll t hvurPt 1u1l 1111 t'rpn•1,.11u11 of the ident1t.:· 

"/1- 1 
11.r I 

i30; 

(lOi 

(15) 

(20) 

(20! 

(20) 

ST.4 Compute the the Schur fu11ct.1011 t~xpa11s1r111 of s 22 x -'2.l by constructing the standard 

tableaux yielded by the Littlewood Ricl1arcbcrn rnlc·. (20) 

a) Check your result b:- mean~ oft he SF package 

b) Give a representation theoretical imerpreun1ou of the coefficients in this expansion. (20; 

ST.5 Let r be the group of rot.at iullo. ult lil' rnl 1(-

l) Compute the Pol.va enunH'rnt.or ol t lit· an ion uf r on the edges of the cube. (20) 

2) Use the previous result tu comput.t· lhf:' rn1111l>er of ways t.o colour the edges of the cube using 

seven times RED aud hvc tune;, Yellow 110) 

3) Show that the polyuomial vou co1111)l1\eci i11 11 is the Frobenius image of the character of a 

representation of 5'12. (10) 



PART III 

GROBNER BASES i\IETHODS aud INVARIA.'\T THEORY 

GB. l use the pan i1t! frac1011 jodJ. ka£t• ul c \:t ,, ' '~111 lO c·c·mpure tl:e generating func ~ion 

Fi_ !.11 . . t·~ .. ·; .. .i: 

where the sum is G\'er the compooil 1011s /' = '1•1 .1•~. vi. p~ I wh!ch are sob•ion~ of the Diop 1rnnti;·,e 

system 
1! /.-'1 - i- 12 ~ P:) ~- P~~ =: 0 

Sc=]! . 
:1 Jl1 - }''2 ~ }-'::: - 7J4 = u 

120) 

GB.2 use Grabner ba.ses tu find <111 soimio:1' o'· tlw '.\'stern of eql:at1ons 

" ' ~ .. I) (201 

:-' :.-_ () 

GB.3 Construct Uw gT011p C ul :1 ' :l 111;\1 rn.,., l1\ <t)'piyiug tlie Young natural representation 

mciexed by 

[2, 1. l] to the perrnutai iu11~ <1i S,1 (10) 

(5) (1) Compute the Hilbert sene;; FH'· icf' uf tbc: ring of G-in\'ariants 

(2) Rewrite it in the form 

t l - qd 1 Ji1 - qdo JI 1 - qd") 

(3) Calculate the hrs1 J CJ tc:rm' ul i tu' seneo 

(4) Construct threE" lKnnugeueuus C lm·amrnts of degrees d1 .d2,d3 

(5) Compute the Gri.ibuer hC\-sL' oft lie ideal (] l · h h J 

(20) 

(5) 

(20) 

(5) 

( 6) Verify that I 1. !2, J., ctrc· c1 s\·.st.<:'111 uf parameter,; by checking that the quotient 

Q[:r1. :r2 .. T:3]/ (Ii, 12. Ii J ha~ fo11w d1rnem;ion. If not go back to step ( 4). ( 5 J 

(7) Construct a G !ll\'clrlilnt 11 of degrPc> d (10) 

(9i Verify that it l~ 1101 cl polv11u1111,d 11, / 1 .12 .1:1 b~· computing the polynomial Q such 

(10) Based on your previou;; result..'i show that step (!:J) is not needed. 

(11) Compute the Jaculwrn ur 11.12 11 a11d construct its linear factors. 

(lOJ 

(20) 

(5J 

( 121 Assurniug that thert' 1s a rdiPct 1011 group G' that also leaves ! 1 , h, ! 0 invariant you 

could have predict.eel i he number of these linear factors. Vl'hy?. (20) 


