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Abstract

This paper studies the polynomial optimization problem whose feasible set is
a union of several basic closed semialgebraic sets. We propose a unified hierarchy
of Moment-SOS relaxations to solve it globally. Under some assumptions, we
prove the asymptotic or finite convergence of the unified hierarchy. Special
properties for the univariate case are discussed. The application for computing
(p, ¢)-norms of matrices is also presented.
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Chapter 1

Introduction

1.1 Description of the Problem

We consider the optimization problem

min  f(z)
m (1.1.1)

st. zeK:={ K,
=1

where each K is the basic closed semialgebraic set given as

(@) =0 (i € EW), }
( .

—
=

¢’ (x) >0 (j € IV)

Kl_{l'an
J

gl), cg-l) are polynomials in x == (z1,...,2,); all £ and
ZW" are finite labeling sets. We aim at finding the global minimum value fpn
of (1.1.1) and a global minimizer z* if it exists. It is worthy to note that solving
(1.1.1) is equivalent to solving m standard polynomial optimization problems by
minimizing f(z) over each K separately, for I = 1,...,m. When K is nonempty
and compact, fp,in is achievable at a feasible point, and (1.1.1) has a minimizer.
When K is unbounded, a minimizer may or may not exist. We refer to [28,
Section 5.1] for the existence of optimizers when the feasible set is unbounded.
The optimization (1.1.1) contains a broad class of problems. For the case
m = 1, if all functions are linear, then (1.1.1) is a linear program (LP); if f is
O]
%

Here, all functions f, ¢

quadratic and all cz(.l), are linear, then (1.1.1) is a quadratic program (QP); if

all f, cgl), c;l) are quadratic, then (1.1.1) is a quadratically constrained quadratic
program (QCQP). Polynomial optimization has wide applications, including
combinatorial optimization [4, 18], optimal control [8], stochastic and robust
optimization [34, 35, 44], generalized Nash equilibrium problems [30, 31, 33],
and tensor optimization [5, 26, 32, 36].

When the feasible set K is a single basic closed semialgebraic set (i.e., m = 1)
instead of a union of several ones, the problem (1.1.1) becomes a standard poly-

nomial optimization problem. There exists much work for solving standard
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6 CHAPTER 1. INTRODUCTION

polynomial optimization problems. A classical approach for solving them glob-
ally is the hierarchy of Moment-SOS relaxations [12]. Under the archimedean-
ness for constraining polynomials, this hierarchy gives a sequence of convergent
lower bounds for the minimum value fy,;,. The Moment-SOS hierarchy has
finite convergence if the linear independence constraint qualification, the strict
complementarity and the second order sufficient conditions hold at every global
minimizer [25]. When the equality constraints define a finite set, this hierarchy
is also tight [14, 16, 24]. We refer to the books and surveys [8, 9, 13, 17, 28] for
introductions to polynomial optimization.

1.2 Contributions

When m > 1, the difficulty for solving the optimization problem (1.1.1)
increases. A straightforward approach to solve (1.1.1) is to minimize f(z) over
each K separately, for [ = 1,...,m. By doing this, we reduce the problem
(1.1.1) into m standard polynomial optimization problems.

In this paper, we propose a unified Moment-SOS hierarchy for solving (1.1.1).
The standard kth order moment relaxation for minimizing f(z) over the subset
Kpis(forl=1,...,m)

min  (f, y)

s.t. “V(ﬁ)k)[(l] 0 (i € W),
LW O] =0 (j €20, (1.2.1)
Mi[y®] = 0

y$ = 1,40 e RNk

We refer to Section 2.1 for the above notation. The unified moment relaxation
we propose in this paper is

min  (f, yP)+ -+ (f, y™)
st YVl l>]—0(zesl>)
QQHM>0061@> (1.2.2)

My[y D] = 0, Zy
y® e RNax z—1

For k =1,2,..., this gives a unified hierarchy of relaxations.

A major advantage of (1.2.2) is that it gives a unified convex relaxation
for solving (1.1.1) instead of solving it over each K separately. It gives a se-
quence of lower bounds for the minimum value f,,;, of (1.1.1). Under the
archimedeanness, we can prove the asymptotic convergence of this unified hier-
archy. Moreover, under some further local optimality conditions, we can prove
its finite convergence. We, in addition, study the special properties for the uni-
variate case. When n = 1, there are nice representations for polynomials that
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are nonnegative over intervals. The resulting unified Moment-SOS relaxations
can be expressed in a more mathematically concise manner. We also present
numerical experiments to demonstrate the efficiency of our unified Moment-SOS
hierarchy.

An application of (1.1.1) is to compute the (p, ¢)-norm of a matrix A:

_ Azl

p,q =

1A]

= x ||Ax
220 ||z, uan:l” I

where p, g are positive integers. When p and g are both even, this is a standard
polynomial optimization problem. If one of them is odd, the norm ||Al|, , can
be expressed as the optimal value of a problem like (1.1.1). For instance, when
p =4 and g = 3, we can formulate this problem as

max (|| Azl4)*
{ st |4+ aP =1 (1.2.3)

The feasible set of the above can be expressed in the union form as in (1.1.1). It
is interesting to note that the number of sets in the union is 2", so the difficulty
of (1.2.3) increases substantially as n gets larger. More details are given in
Chapter 5.

The paper is organized as follows. Chapter 2 introduces the notation and
some preliminary results about polynomial optimization. Chapter 3 gives the
unified hierarchy of Moment-SOS relaxations; the asymptotic and finite conver-
gence are proved under certain assumptions. Chapter 4 studies some special
properties of univariate polynomial optimization. Chapter 5 gives numerical
experiments and applications. Chapter 6 draws conclusions and makes some
discussions for future work.
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Chapter 2

Preliminaries

2.1 Notation

The symbol N (resp., R) stands for the set of nonnegative integers (resp.,
real numbers). For an integer m > 0, denote [m] := {1,2,...,m}. For a scalar
t € R, [t] denotes the smallest integer greater than or equal to ¢, and |¢] denotes
the largest integer less than or equal to ¢. For a polynomial p, deg(p) denotes
its total degree and vec(p) denotes its coefficient vector. For two vectors a and
b, the notation a L b means they are perpendicular. The superscript 7 denotes
the transpose of a matrix or vector. For a symmetric matrix X, X »= 0 (resp.,
X > 0) means that X is positive semidefinite (resp., positive definite). The
symbol S stands for the set of all n-by-n real symmetric positive semidefinite
matrices. For two symmetric matrices X and Y, the inequality X > Y (resp.,
X > Y) means that X —Y > 0 (resp., X —Y > 0). For z = (z1,...,2,)
and a power vector a = (ai,...,a,) € N*, denote |a| == a3 + -+ + oy, and
the monomial z® := z{* --- 28", For a real number ¢ > 1, the g-norm of z is

n -
denoted as ||z||, = (Jz1|7 + - - - + |2,|7)}/?. The notation

N} ={aeN": |a| <d}

denotes the set of monomial powers with degrees at most d. The symbol RNa
denotes the space of all real vectors labeled by a € NJj. The column vector of
all monomials in x and of degrees up to d is denoted as

T
[x]q = [1 Ty o T, T x1T9 v x‘fL]
The notation R[z] := R[z1,...,x,] stands for the ring of polynomials in  with

real coefficients. Let R[z]4 be the set of real polynomials with degrees at most
d. Denote by % (K) the cone of polynomials that are nonnegative on K and let

Py(K) = P (K) N Rlz]a.

In the following, we review some basics of polynomial optimization. For a
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tuple h := (hy,...,hs) of polynomials in R[z], let
Ideal[h] :== hy - R[z] + - - + hs - R]z].
The 2kth truncation of Ideal[h] is
Ideal[h]ar = h1 - R[T]op_qeg(ny) + -+ + hs - R[Z]og_deg(h,)-

The real variety of h is

Wr(h) = {z € R" : h(z) = 0}.

A polynomial o € R[] is said to be a sum of squares (SOS) if there are polyno-
mials q1,...,q € Rlx] such that 0 = ¢? + - -+ + ¢Z. The convex cone of all SOS
polynomials in z is denoted as X[z]. We refer to [8, 13, 17, 28] for more details.

For a tuple of polynomials g := (g1, ..., q:), its quadratic module is (let go == 1)

QMlg] = { Z 7191

For a positive integer k, the degree-2k truncation of QM]|g] is

each o; € E[z]}

QMg]ax = {zt:Uigi

=0

o; € X[x],deg(o:g;) < Zk:}.

The quadratic module QM][g] is said to be archimedean if there exists ¢ € QM][g]
such that the set
S(q) =A{z e R" | g(z) = 0}

is compact.

Theorem 2.1.1. [39] If QM|g] is archimedean and a polynomial f > 0 on S(g),
then f € QM|g].

A vector y = (yoz)aeNgk is said to be a truncated multi-sequences (tms) of

degree 2k. For y € RYar, the Riesz functional determined by y is the linear
functional £, acting on R[z]s; such that

gy( Z poﬂ:a> = Z PaYa-
QENZ, QENZ,
For convenience, we denote
<p7 y> = $y(p)a pE R[I}Qk-
The localizing matriz and localizing vector of p generated by y are respectively
VPOl = 2y (p(a) - [2].,).
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In the above, the linear operator is applied component-wisely and
s1 = [k —deg(p)/2], sz =2k — deg(p).

We remark that Lz(,k) [y] = 0 if and only if £, > 0 on QM]p]ax, and “Vp(%) [yl =0
if and only if £, = 0 on Ideal[p]or. More details for this can be found in

[13, 17, 28]. The localizing matrix LZ(,k) [y] satisfies the following equation
2
(p(@) (v"12l)” ) = o7 (L)) v

for the degree s := k — [deg(p)/2] and for every vector v of length ("7*). For
instance, when n = 3, k = 3 and p = z w223 — 73,

Y111 — Yoo3 Y211 — Y103 Y121 — Yo13 Y112 — Yoo4
LE,) [y] _ Y211 — Y103 Y311 — Y203 Y221 — Y113 Y212 — Y104
Y121 — Yo13 Y221 — Y113 Y131 — Yo23 Y122 — Yoi4
Y112 — Yoo4 Y212 — Y104 Y122 — Yo14 Y113 — Yoos

In particular, for p = 1, we get the moment matriz My[y] = Lgk) [y]. Similarly,
the localizing vector “Vp(%) [y] satisfies

(o) (1) ) = (%200)

for t := 2k — deg(p). For instance, when n =3, k =2 and p = 2 + 23 + 23 — 1,

Y200 + Y020 + Yoo2 — Yooo
Y300 + Y120 + Y102 — Y100
Y210 + Yo30 + Yo12 — Yo10
Y201 + Yo21 + Yoo3 — Yoo1
ﬂvp(4) lv] = Y400 T Y220 1 Y202 — Y200
Y310 + Y130 + Y112 — Y110
Y301 + Y121 + Y103 — Y101
Y220 + Yo40 + Y022 — Y020
Y211 + Yo31 + Yo13 — Yo11
| Y202 + Y022 + Y004 — Y002 |

It is worthy to note that if L!(]’f) [y] = 0 and f € QM]glak, then (f , y) > 0.
¢

This can be seen as follows. For f = Z; gio; with o; = Z p?j € X[z] and
1= J

deg(g;o;) < 2k, we have
t
ow) = (D mior s y) = 3 veelpis) " (L[] vee(pis) = 0.
i=0 ij

A tms y € RV2+ is said to admit a Borel measure i if

Yo = /xo‘du for all a € N7,
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Such p is called a representing measure for y. The support of u is the smallest
closed set S C R™ such that u(R™\ S) = 0, denoted as supp(p). The measure
i is said to be supported in a set K if supp(p) C K.

2.2 Moment relaxation

Consider the polynomial optimization problem

min  f(z)
st. ci(x)=0(G€f), (2.2.1)
¢j(x) =20 (j € 1),

where f, ¢;, ¢; are polynomials in . The kth order moment relaxation for (2.2.1)

1S
min  (f, y)
st. Yyl =0 (i€ &),
L) =0 (j € T),
Mk:[y] t 07
yo=1,y € RN2k

Suppose the tms y* is a minimizer of above. Denote the degree
ma {[deg(cr)/2}

We can extract minimizers if y* satisfies the flat truncation condition: there
exists an integer k > ¢ > max{d, deg(f)/2} such that

rank M;_4[y*] = rank M;[y*]. (2.2.2)

Interestingly, if (2.2.2) holds, we can extract r := rank M;[y*] minimizers for the
optimization problem (2.2.1).

The following result is based on work by Curto and Fialkow [3] and Henrion
and Lasserre [6]. The form of the result as presented here can be found in book
[28, Section 2.7].

Theorem 2.2.1. [3, 6] If y* satisfies (2.2.2), then there exist r = rank M;[y*]
distinct feasible points uy, . .., u, for (2.2.1) and positive scalars A1, ..., A, such
that

Y¥lae = Aifuaar + - 4+ Arfur]ar

In the above, the notation y*|a: stands for its subvector of entries that are labeled
by o € N3,.
2.3 Optimality conditions

Suppose u is a local minimizer of (2.2.1). Denote the active labeling set

Jw)={j€T:cj(u) =0}
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The linear independence constraint qualification condition (LICQC) holds at u if
the gradient set {Ve;(u)}iceu(u) is linearly independent. When LICQC holds,
there exists a Lagrange multiplier vector

A= (Ai)iee U (Nj)jez
satisfying the Karush-Kuhn-Tucker (KKT) conditions
Vi) =Y NVei(u)+ YA Ve;(u), (2.3.1)
icE jeT
0<e¢j(u) LA >0, foralljel. (2.3.2)

The equation (2.3.1) is known as the first order optimality condition (FOOC),
and (2.3.2) is called the complementarity condition (CC). If, in addition, A\; +
¢j(u) > 0 for all j € Z, the strict complementarity condition (SCC) is said to
hold at u. For the A; satisfying (2.3.1)-(2.3.2), the Lagrange function is

L(x) = f(x) = Y Nici(x) = Y Ny ().
= JE€T
The Hessian of the Lagrangian is
V2L(z) = V2f(z) = > NViea(z) = > A\Viei(a).
ie€ JET

If w is a local minimizer and LICQC holds, the second order necessary condition
(SONC) holds at u:

v (VQL(U)>U >0 forall ve ﬂ Vei(u)t,
1€EUJ (u)

where V¢, (u)t = {v € R" | Ve;(u)Tv = 0}. Stronger than SONC is the second
order sufficient condition (SOSC):

vT (V2L(u))v >0 forall 0#wve ﬂ Ve (u)t.
1€EUJ (u)

If a feasible point u satisfies FOOC, SCC, and SOSC, then © must be a strict
local minimizer. We refer to the book [1] for optimality conditions in nonlinear
programming.
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Chapter 3

A Unified Moment-SOS
Hierarchy

In this chapter, we give a unified hierarchy of Moment-SOS relaxations to
solve (1.1.1). Under some assumptions, we prove this hierarchy has asymptotic
or finite convergence.

3.1 Unified Moment-SOS relaxations

For convenience of description, we denote the equality and inequality con-
straining polynomial tuples for K; as

! ! !
) = (@ icew, el = () ez
Recall that Ideal[cglq)] denotes the ideal generated by cglq) and QM[CEQ] denotes

the quadratic module generated by cﬁl) We refer to Section 2.1 for the notation.
The minimum value of (1.1.1) is denoted as fi,:, and its feasible set is K. We
look for the largest scalar ~y that is a lower bound of f over K i.e., f—y € 2 (K).
Since

K=K UKyU---UK,,

we have f —y >0 on K if and only if f —~ > 0 on K for every [ =1,...,m.
Note that f —~ > 0 on K is ensured by the membership (for some degree 2k)

f—~e Ideal[cgq)]gk —+ QM[CSQ}%
The kth order SOS relaxation for solving (1.1.1) is therefore
max 7y

st. f—v€N [Ideal[cgg]gk + QM[CEQ]% .
=1

(3.1.1)

15



16 CHAPTER 3. A UNIFIED MOMENT-SOS HIERARCHY

The dual optimization of (3.1.1) is then the moment relaxation

min  (f , y) +-+(f, y™)
sit. “Vﬁ%i“’[ )= 0 (i e £0),
g,% W) =0 (e I<l>> (3.1.2)
My [yM] = 0, Z i
y € RN2k, z = 1
The integer k is called the relaxation order. For k = 1,2,..., the sequence of

primal-dual pairs (3.1.1)-(3.1.2) is called the unified Moment-SOS hierarchy. For
each k, we denote by fsos k and fiom,k the optimal values of (3.1.1) and (3.1.2)
respectively. We remark that the moment relaxation (3.1.2) can be equivalently
written in terms of Riesz functional. Let L) denote the Riesz functional given
by ¥, then (3.1.2) is equivalent to

min LD (f) + -+ L(f)

st. 2W =0on Ideal[c(eq)]gk,
£W >0 on QM[e m]gk7
LOQ) 4+ (1) =1,
l:l,...,m

Proposition 3.1.1. For each relazation order k, it holds that
fsos,k S fmom,k S fmln (313)

Moreover, both sequences { fsosk}icy and {fmomk}io, are monotonically in-
creasing.

Proof. By the weak duality, we have fsosr < frmom,k- For every € > 0, there
exist I’ € [m] and u € Ky such that f(u) < foin + €. Let y = (yM, ..., y™)
be such that y) = [u]o, and y® = 0 for all € [m] \ {I'}. Then, y is feasible
for (3.1.2) and

Smom,k < (f y(1)> +o Ly m)> (f, y > f(u) < frnin + €.

Since € > 0 can be arbitrary, foomk < fmin. Therefore, we get (3.1.3). Clearly,
if v is feasible for (3.1.1) with an order k, then v must also be feasible for (3.1.1)
with all larger values of k, since the feasible set gets larger as k increases. So the
sequence of lower bounds { fses k52 is monotonically increasing. On the other
hand, when k increases, the feasible set of (3.1.2) shrinks, so the minimum value
of (3.1.2) increases. Therefore, {fmom k}oo, is also monotonically increasing.

O

3.2 Extraction of minimizers

We show how to extract minimizers of (1.1.1) from the unified moment
relaxation. This is a natural extension from the case m = 1 in Section 2.2.
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Suppose the tuple y* = (y*1, ..., 4y*™) is a minimizer of (3.1.2). Denote the
degree

— )
di= _max {[deg(cl’)/2]}.

We can extract minimizers by checking the flat truncation condition: there
exists an integer t > lm[ax]{dl, deg(f)/2} such that
elm

rank M;_ g, [y*Y] = rank M, [y*)] for each [ € A, (3.2.1)
where the labeling set
A= {l € [m] :y(()l) > 0}.
Interestingly, if (3.2.1) holds, we can extract
roi= Zrank M [y™0] (3.2.2)
leA

minimizers for the optimization problem (1.1.1).

Algorithm 3.2.1. To solve the polynomial optimization (1.1.1), do the follow-
ing:

Step 0 Let k := lm[ax]{dl, [deg(f)/2]}
elm

Step 1 Solve the relaxation (3.1.2). If it is infeasible, output that (1.1.1) is infeasi-
ble and stop. Otherwise, solve it for a minimizer y* = (y(*=1, ..., y*m).

Step 2 Check if the flat truncation (3.2.1) holds or not. If (3.2.1) holds, then
the relaxation (3.1.2) is tight and for each | € A, the truncation y*! |y
admits a finitely atomic measure p(Y) such that each point in supp(u(l)) is
a minimizer of (1.1.1). Moreover, fmin = fmom.k-

Step 3 If (3.2.1) fails, let k := k + 1 and go to Step 1.
The conclusion in Step 2 is justified by the following.

Theorem 3.2.2. Let y* = (y™*, ... .y*™) be a minimizer of (3.1.2). Sup-
pose (3.2.1) holds for alll € A. Then, the moment relaxation (3.1.2) is tight
and for each | € A, the truncation

y(*’l)|2t = (y((x*’l))aeNgt

admits a r-atomic measure p\), where r; = rank M, [y(*’l)], and each point in
supp(u®) is a minimizer of (1.1.1). Therefore, the total number of minimizers
isr asin (3.2.2).

Proof. By the assumption, the y*! € RNz satisfies (3.2.1) and

k * . .
Ly =0 (e V), Myly™) = 0.

J
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Then, by Theorem 2.2.1, there exists r; distinct points ugl), .. ugl) € K; and

positive scalars /\(l) ...,/\7(}1) such that

y(*’l)|2t = )\(1)[ (l)} ot + o+ A%) [Ugl)]%

m T

The constriant Z yO =1 implies that > Z )\ =1, so0
I=11i=

m 7 m m
ZZAfl)f(ugl)):Z fy*l)|2t :ny(*l fmomk<fmzn
=1 =1

1=11i=1

For each ugl) € K;, we have f(ul(-l)) > fimin, SO

m

=1 i=1 =1 i=1

Hence, fmom,k = fmzn and

>SN [l - o] =0
=1 i=

1

Since each )\El) > 0, then each f(ugl)) = fmin, 1.€., each ugl) is a minimizer of
(1.1.1). O

In Step 2, the flat truncation condition (3.2.1) is used to extract minimizers.
When it holds, a numerical method is given in [6] for computing the minimizers.
We refer to [28, Section 2.7] for more details.

3.3 Convergence analysis

Recall that fiin, fsos,k and from,x denote the optimal values of (1.1.1),
(3.1.1) and (3.1.2) respectively. The unified Moment-SOS hierarchy (3.1.1)-
(3.1.2) is said to have asymptotic convergence if foos. — fmin as k — oco. If
fsos,e = fmin for some k, this unified hierarchy is said to be tight or to have
finite convergence. The following theorem is a natural extension from the case
m=1.

Theorem 3.3.1 (Asymptotic convergence). If Ideal[ceq]—i—QM[ E;] is archimedean
for every I = 1,...,m, then the Moment-SOS hierarchy (3.1.1)-(3.1.2) has
asymptotic convergence:

lim fsos,k = lim fmom,k = fmin-
k—o0 k—o0

Proof. For € > 0, let v = fiin — €. Then

f(@) =7 = f(@) = frin +€>0
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on Kj. Since Ideal[célq)] + QM[CEQ] is archimedean for every I, by Theorem 2.1.1,
(@) =~ € Ideal[cD]ay, + QM]elr) |24
for all k large enough. So
fmin —€=7 < fsos,k < fmzn - fmzn —e< lim fsos,k < fmin-
k—o0
Since € > 0 can be arbitrary, klim fsos.k = fmin- By (3.1.3), we get the desired
—00
conclusion. |

Recall the linear independence constraint qualification condition (LICQC),
the strict complementarity condition (SCC), and the second order sufficient
condition (SOSC) introduced in Section 2.3. The following is the conclusion for
the finite convergence of the unified Moment-SOS hierarchy of (3.1.1)-(3.1.2).

Theorem 3.3.2 (Finite convergence). Assume Ideal[cgg)]—f—QM[ch] is archimedean
foreveryl =1,...,m. If the LICQC, SCC, and SOSC hold at every global min-
imizer of (1.1.1) for each K, then the Moment-SOS hierarchy (3.1.1)-(3.1.2)

has finite convergence, i.e.,
Jsos,k = fmomk = fmin
for all k large enough.
Proof. We denote by fpnin, the minimum value of f on the set K;. Let
B:={l: fmini = fmin}-
(i) For the case | ¢ B, fmin,i > fmin,
(@) = fmin 2 fming = fmin >0

on K;. Since Ideal[cglq)] —l—QM[cZ(-Q ] is archimedean, there exists kg such that

f = (fmin — €) € Ideal[cD]r, + QM[c(L 21,
for all € > 0.

(ii) For the casel € B, fmin,i = fmin- Since the LICQC, SCC, and SOSC hold
at every global minimizer z* of (1.1.1), there exists a degree kg such that
for all € > 0, we have

f = (frnin —€) € Ideal[cgq)]gko + QM[CEQ]%O.
This is shown in the proof of Theorem 1.1 of [25].
Combining cases (i) and (ii), we know that v = f,;, — € is feasible for (3.1.1)
with the order ky. Hence, fqos,k, = ¥ = fmin — €. Since € > 0 can be arbitrary,

we get fsos kg = fmin- By Proposition 3.1.1, we get foos,k = fmom,k = fmin for
all & > ko, 0
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Chapter 4

Univariate Polynomial
Optimization

In this chapter, we consider the special case of univariate polynomial opti-
mization, i.e., n = 1. The following results for the univariate case are extensions
from the single interval case, and are presented here to provide a complete and
thorough understanding for convenience of readers. The problem (1.1.1) can be
expressed as

min  f(z) = fo+ fiz+ -+ fax?

m
st. xe | K,
=1

(4.0.1)

where K; = [a;,b;] with a; < b, for [ = 1,...,m. We still denote by f,in the
minimum value of (4.0.1). For convenience, we only consider compact intervals.
The discussions for unbounded intervals like (—o0,b] and [a,+c0) are similar
(see [28, Chapter 3]).

Let y == (yo, - --,%4) € R¥! be a univariate tms of degree d with d = 2dg+1
or d = 2dy. The dpth order moment matrix of y is

Yo Y1 s Yd,

U1 Y2 o Ydo+1
Mdo [y] = . .

Ydy Ydo+1 - Y2d,

For convenience of notation, we also denote that

Y2 Y3 0 Ydo+1
Y3 Ya o Ydo+2
Gdo [y] = : : .. : )
Ydo+1  Ydo+2 - Y2d,

21
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n Y2 0 Ydo+1
Y2 Y3 o Ydo+2

Ndo [y} = . . .
Ydo+1  Ydo+2 ~°  Y2do+1

It is well-known that polynomials that are nonnegative over an interval can
be expressed in terms of sum of squares. The following results were known to
Lukacs [19], Markov [22], Pélya and Szegd [37], Powers and Reznick [38]. For
each h € R[z], that is nonnegative on the interval [a;, b;], we have:

(i) If d = 2dp + 1 is odd, then there exist p, ¢ € R[z]q, such that
h=(x—a)p? + (b — x)¢* (4.0.2)
(ii) If d = 2dy is even, then there exist p € R[z]q,,q € R[x]4,—1 such that
h=p*+ (x—a) (b — z)q° (4.0.3)
The optimization problem (4.0.1) can be solved by the unified Moment-SOS

hierarchy of (3.1.1)-(3.1.2). For the univariate case, they can be simplified. We
discuss in two different cases of d.

4.1 The case d is odd (d = 2dy + 1)

When the degree d = 2dy + 1 is odd, by the representation (4.0.2), fmin
equals the maximum value of the SOS relaxation

max 7y
st f—v=(z—a)alj Xi[z]a, + (b — 2)[x]§, Yi[2]a, (4.1.1)
X, e SPt v e st i=1,...,m.

Its dual optimization is the moment relaxation

st. Yo +-F Yo

b Ma, [y D] = Nay[yM] = arMa, [y D], (4.1.2)
l l l

y(l) = (y(() ), yg )’ o ’y§<1)0+1)a

l=1,...,m.

In the above,
(f, y®) = foy(()l) t+ot f2do+1y§20+1'
Denote by fsos and fiom the optimal values of (4.1.1) and (4.1.2) respectively.
For all (X;,Y;) that is feasible for (4.1.1) and for all y() that is feasible for
(4.1.2), we have
oy + (™) 2



4.1. THE CASE d IS ODD (d = 2dy + 1) 23

This is because

biMy [y®] = Nao[y®] = Lt 1O = o,

Ny [y = as My, [y V] = L%y 0] = 0,

r—ayp

which implies that

oy (g™ =y
=(f =7y sy ™)

=35 (a8 0 + (2000, )
=1
0.

Y

Indeed, we have the following theorem.

Theorem 4.1.1. For the relazations (4.1.1) and (4.1.2), we always have

fsos = fmom = fmm

Proof. By the representation (4.0.2), for v = fynin, the subtraction f — f,,,:, can
be represented as in (4.1.1) for each I = 1,...,m, 80 fsos = fmin. By the weak
duality, we have fsos < finom < fmin- Hence, they are all equal. O

The optimizers for (4.0.1) can be obtained by the following algorithm.

Algorithm 4.1.2. /28, Algorithm 3.3.6] Assume d = 2do+1 and (yV, ..., y(™)
is a minimizer for the moment relaxation (4.1.2). For each ! with y( ) > 0 and

r = rank My, [y"], do the following:
Step 1 Solve the linear system

l l l l l
yél; Ez; N ‘%("(z))1 Ez; <(>)
yl e 'I" yT+1

0 R 1) B <l>'
Yodo—r+1 Yodo—r+2 7 Y24, gi 1 Yado+1

NOR0)

Step 2 Compute r distinct roots ¢1”, ..., of the polynomial

1 l l r
gO() =g + gz + -+ g0 2" — "

Step 3 The roots tgl), ..., t") are minimizers of the optimization problem (4.0.1).

The conclusion in Step 3 is justified by Theorem 4.2.3. The following is an
exposition for the above algorithm.
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Example 4.1.3. Consider the constrained optimization problem

min  z + 225 — 27
st. xel[-2,—-1]U][L,2].

The moment relaxation is

min (f, yM) + (f, y@)
st —MslyM] = Ny[yD] = —2M3[y],
2M;[y ] = N3[y?] = M;[y?)],

! e =1
The minimizer y* = (y*1),y*?)) of the above is obtained as

y* D = 04191 - (1,-1,1,-1,1,-1,1, 1),
y*?) = 0.5809 - (1,0, —2, —6, —14, —30, —62, —126) +
0.6058 - (0,1,3,7,15,31,63,127).

Applying Algorithm 4.1.2, we get g((]l) = —1,g(()2) = —2,g§2) = 3 and the poly-
nomials

g V(@) =-1-—2z, ¢P(z)=-2+3z—2%

Therefore, the minimizers are the distinct roots —1, 1, 2 and the global minimum
value fiin = 2.

4.2 The case d is even (d = 2dy)

When the degree d = 2dj is even, by the representation (4.0.3), fin equals
the maximum value of

max 7y
st f—ry =[]} Xilzla, + (¢ — ar) (b — z)([2]], _ Vilxla,—1),  (4.2.1)
X eSPtyesti=1,...,m

Its dual optimization is the moment relaxation

st (ar+b)Nay—1[yD] = aibMg,—1[y"V] + Gq, [y "],

May ) 0 2™ = (122)
y(l) = (yO ?yl A 7y2d0)7
l=1,...,m.

We still denote by fsos and frnom the optimal values of (4.2.1) and (4.2.2) respec-
tively. The same conclusion in Theorem 4.1.1 also holds here. The optimizers
for (4.0.1) can be obtained by the following algorithm.
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Algorithm 4.2.1. /28, Algorithm 3.8.6] Assume d = 2dy and (y), ..., 3("™)

is a minimizer for the moment relaxation (4.2.2). For each [ with yél) > 0 and

r = rank My, [yV], do the following:
Step 1 If r < djy, solve the linear system

! ! 1 ! !
(()l) y§z) e y((z)) g(()l) E))
I N B

l 1 . ' l l l
yéd)o U e yéc?o L yéd)o

Step 2 If r = dg 4+ 1, compute the smallest value of y;}o 41 satisfying
biMay [y1] = Nagly"] = @My, [y"],

then solve the linear system

N N R PG 0
o @ Vg
Y1 Ys T yd0+1 91 | Ydo+2

(l) (l) (l) (l) (l)
Yao  Ydo+1 7 Y24, 94, Y2do+1

Step 3 Compute r distinct roots t(l) cee S«l) of the polynomial

g(l)(x) (l) + g( Vg 4. il) &' =,

Step 4 The roots tﬁ”, e ﬁ” are minimizers of the optimization problem (4.0.1).

The conclusion in Step 4 is justified by Theorem 4.2.3. The following is an
exposition for the above algorithm.

Example 4.2.2. Consider the constrained optimization problem

min  4z2 + 1223 + 132* + 625 + 26
st. xe[-4,-21U[-1,2].

The moment relaxation is

min  (f, y) +(f, y@)

st —6Ny[y] = 8My[y] + Gy ],
Noly@] = —2M,[y?)] + Gs[y?)],
M3[y(1)] t O»MB[ZJ@)] t 07
) +us) =1,
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The minimizer y* = (y*1),4*?)) of the above is obtained as

y1) = 0.0110 - (1, —2,4, —8,16, —32, 64),
y™*? =0.9890 - (1,0,0,0,0,0,0) +
0.2190 - (0, —1,1,—1,1, —1,1).
Applying Algorithm 4.2.1, we get g((]l) = —2,g(()2) = 0,g£2) = —1 and the poly-
nomials
g (@) =-2—2, ¢®(z)=-z—2%

Therefore, the minimizers are the distinct roots —2, —1,0 and the global mini-
mum value f,;, = 0.

The performance of the moment relaxations (4.1.2) and (4.2.2) can be sum-
marized as follows.

Theorem 4.2.3. Suppose f is a univariate polynomial of degree d = 2dy + 1
or d = 2dy. Then, all the optimal values frin, fsos, fmom are achieved for
each corresponding optimization problem and they are all equal to each other.
Suppose y* = (y*V, ..., y*"™) is a minimizer of (4.1.2) when d = 2do + 1 or
of (4.2.2) when d = 2dy. Then, the tms

2= y(*’l) + -+ y(*vm)

must admit a representing measure p* supported in K, and each point in the
support of u* is a minimizer of (4.0.1). If f is not a constant polynomial, then
f has at most 2m + [(d—1)/2] minimizers and the representing measure p* for
z* must be r-atomic with

r<2m+ [(d—1)/2].

Proof. Since each interval [a;, b;] is compact, K is also compact. So the minimum
value fin is achievable, and it equals the largest v € R such that f — ~ is
nonnegative on [a;,b;] for every I = 1,...,m, 80 fmin = fsos (see Theorem
4.1.1). Each of the moment relaxations (4.1.2) and (4.2.2) has a strictly feasible

point, e.g., the tms ¢ = fabll [%])2d,+1 dz is strictly feasible and
b M [§] = Nao[9P] = a1 May [5].
The tms g = [ ;l’ [7]24, dz is strictly feasible and
(a1 + b1)Nag -1 [71] = @b My 1 [§V] + G [§), Mo [57] > 0.
By the strong duality, fsos = fmom, and both (4.1.1) and (4.2.1) achieve their

optimal values. By [28, Theorem 3.3.4], y*!) must admit a representing measure
,u(l) supported in [a;, b;]. Hence, z* must admit a representing measure p* =
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pM 4 oo 4 u(™ supported in K. The optimization problem (4.0.1) is then

equivalent to the linear convex conic optimization

min fd
{ s.t. /{(K)u: 1,peB(K), (4.2.3)

where % (K) denotes the convex cone of all Borel measures whose supports are
contained in K. We claim that if a Borel measure p* is a minimizer of (4.2.3),
then each point in the support of p* is a minimizer of (4.0.1). Suppose E C K
is the set of minimizers of (4.0.1). For any z* € E, let §,+ denote the unit Dirac
measure supported at *. Then, we have

Fonin = /K Fonin " < /K Fa) du < /K F(2) e = [(5") = fonin-

Hence,

0= /K (@) — Fovin] dpt” = / @

Thus, f = fimin on supp(p*). This implies that supp(p*) C E. So, every point
in supp(p*) is a minimizer of (4.0.1).

Note that f has degree d. If f is not a constant polynomial, it can have
at most d — 1 critical points. Moreover, the local maximizers and minimizers
alternate. Thus, at most [(d—1)/2] of these critical points are local minimizers.
On each interval [a;, b;], two endpoints are possibly local minimizers. Since there
are m intervals in total, f has at most 2m + [(d — 1)/2] local minimizers on
K. In the above, we have proved that each point in supp(u*) is a minimizer
of (4.0.1). So the representing measure p* for z* must be r-atomic with r <
2m+ [(d—1)/2]. O

We refer to Algorithm 4.1.2 (when d = 2dy + 1) and Algorithm 4.2.1 (when
d = 2dy) for how to determine the support of the representing measure p®
for V). The points in the support are all minimizers of (4.0.1). The upper
bound for the number of minimizers is already sharp when m = 1. For instance,
consider the optimization

{ min  z(1 —2z)(x+1)
st. xel[-1,1].

There are 3 global minimizers —1,0,1 and 2m + [(d —1)/2] =2+ 1= 3.

We would like to remark that the representations for nonnegative univariate
polynomials have broad applications. In particular, it can be applied to the
shape design of transfer functions for linear time invariant (LTT) single-input-
single-output (SISO) systems [29]. Since the transfer function is rational, the
optimization problem can be formulated in terms of coefficients of polynomials.
We can then solve it by using representations of nonnegative univariate poly-
nomials. For instance, we look for a transfer function such that it is close to a
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piecewise constant shape. That is, we want the transfer function to be close to
given constant values &1, ...,&, in a union of m disjoint intervals [a;, b;] with

a1 <bp <as<by<---<ay, <bn,.

As in [29], the transfer function can be written as py(z)/p2(z). Specifically, we
want to get p1, ps such that

pi(z),p2(z) >0, V>0,

(1-a)§ <

<(A+pP)&, Vrela,bl, l=1,...,m.

The above is equivalent to the linear conic constraints

p1(z), p2(z) € Pa([0,00)),
p1 — (1 — Oz)flpg S @d([al,bl]), l=1,...,m,
(1 + 5)&}?2 —p1 € @d([alabl])v l=1,...,m.

We refer to [29] for more details.



Chapter 5

Numerical Experiments

In this chapter, we present numerical experiments for how to solve poly-
nomial optimization over the union of several basic closed semialgebraic sets.
Algorithm 3.2.1 is applied to solve it. All computations are implemented using
MATLAB R2022a on a MacBook Pro equipped with Apple M1 Max processor
and 16GB RAM. The unified moment relaxation (3.1.2) is solved by the soft-
ware Gloptipoly [7], which calls the SDP package SeDuMi [41]. For neatness,
all computational results are displayed in four decimal digits.

5.1 Some examples

Example 5.1.1. Consider the constrained optimization problem

TzER*

min (22 + 23 + 22 + 22 +1)? — 4(2222 + 2322 + 2322 + 23 + 2?)
st. x€ KiTUKyUK3U Ky,

where
K ={x e R*: 23 + 23 + 22 <0},

Ky = {z € R*: 23 + 23 + 23 < 0},
Ki3={z e R*: 2% + 2} + 23 <0},
Ky={z €R*: 25+ 23+ 27 <0}.

The objective function is a dehomogenization of the Horn’s form [40]. For k = 2,
we get fiom,2 = 0, and the flat truncation (3.2.1) is met for all | € A = {1,4}.
50, fmom,2 = fmin. The obtained four minimizers are

(0,0,0,£1) € K1, (£1,0,0,0) € K4.

For k = 2, the unified moment relaxation (3.1.2) took around 0.6 second, while
solving the individual moment relaxations (1.2.1) for all K, K», K3, K4 took
around 0.9 second.

29
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Example 5.1.2. Consider the constrained optimization problem

aIcrelliR% 3+ a3+ af — 23wy — x2d — 2y — 1123
—x3x3 — 2973 + 3T17073

st. x€ K UKyUKs,

where
Ky ={zcR¥: 2, >023 +2%+22=1)},

Ko ={x €R¥: 2y > 0,27 + 25+ 23 =1},
Ks={z cR®:25>0,27 422+ 22 =1}

The objective function is obtained from Robinson’s form [40] by changing 2
to x; for each i. For k = 2, we get from,2 = —1.3185, and the flat truncation
(3.2.1) is met for all [ € A = {1,2,3}. So, fmom,2 = fmin- The obtained three

minimizers are
(0.2783,0.2783,—0.9193) € K1 N Ko, (0.2783,-0.9193,0.2783) € K N K3,

(—0.9193,0.2783,0.2783) € Ky N K3.

For k = 2, the unified moment relaxation (3.1.2) took around 0.6 second, while
solving the individual moment relaxations (1.2.1) for all K3, Ka, K3 took around
1.1 seconds.

Example 5.1.3. Consider the constrained optimization problem

{ m}RI% T122x5 + vizs (2] + 23) + 2§ — 3wizdad
zE

st. xe€ KiUKy;UKs,

where
Ky ={z e R3: 23 423 — 22 = 0,z023 > 0},

Ko ={x e R®: 2% + 22 — 23 =0, 2125 > 0},
Ky ={x €R3: 23 + 23 -2} =0,2129 > 0}.

The objective function is obtained from Motzkin’s form [40] by adding the term
zr1xoxs. For k =3, we get fiom,3 = —1.0757, and the flat truncation (3.2.1) is
met for all I € A = {2,3}. So, fiom,3 = fmin- The obtained four minimizers
are

(—1.0287,—1.6390, —1.2760) € K5, (1.0287,—1.6390, 1.2760) € Ko,

(—1.6390, —1.0287, —1.2760) € K3, (1.6390,1.0287, —1.2760) € K3.

For k = 3, the unified moment relaxation (3.1.2) took around 0.7 second, while
solving the individual moment relaxations (1.2.1) for all K7, K5, K3 took around
1.2 seconds.
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Example 5.1.4. Consider the constrained optimization problem

r€R3

min 2?23 + 2223 + 2323 + 4z 2073
st. x€ KiUKyUKs,

where
_ RB' _ .2 .2
Ky ={z eR’:21 =23, 23 =125},

Ky = {z € R®: 2] + 25 + 23 < 4,019 = —x3, 3123 < 0},
Ky={zecR®: -1<2,<0,-1<2,<0,-1<23<0}.

The objective function is a dehomogenization of the Choi-Lam form [40]. For
k = 2, we get fmom,2 = —1, and the flat truncation (3.2.1) is met for all
le A=1{1,2,3}. So, fmom,2 = fmin- The obtained four minimizers are

(17 _17 1) € Kl; (_17 17 1) € K27 (17 17 _1) € K2a (_1a _17 _1) € K3-

For k = 2, the unified moment relaxation (3.1.2) took around 0.6 second, while
solving the individual moment relaxations (1.2.1) for all K7, Ko, K3 took around
1.1 seconds.

A class of problems like (1.1.1) has absolute values in the constraints. For
example, we consider that

K= {a:  h(z) + Ze]gi(xﬂ > o}.

We can equivalently express K as

¢
K= U {xh(x)—i—;szgz(x) >0,s; - gi(z) 20}. (5.1.1)

81,..,81==%1
Example 5.1.5. Consider the constrained optimization problem

zER?

min  z} + 25 — 2222 — 227 — 323
st a]P 4 |zeP > 4

4
The constraining set can be equivalently expressed as |J K; with
1=1
Ki={xcR*: 2y >0,20 > 0,2} + 5 >4},
ng{xGRQ:xl >0,—xzo ZO,xf—zg >4},
K;={x eR?: —z; > 0,29 > 0,—;10‘;’—1—;33 > 4},

Ky={x eR*: —2; >0, —25 >0, —2% — a3 > 4}.
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A contour of the objective over the feasible set is in Figure 5.1. For k = 2, we
get frmom,2 = —6.3333, and the flat truncation (3.2.1) is met for all [ € A =
{1,2,3,4}. So, fmom,2 = fmin- The obtained four minimizers are

(1.5275,1.6330) € K;, (1.5275,—1.6330) € Ko,

(—1.5275,1.6330) € K3, (—1.5275,—1.6330) € Kj.

For k = 2, the unified moment relaxation (3.1.2) took around 0.6 second, while
solving the individual moment relaxations (1.2.1) for all K, Ko, K3, K4 took
around 0.8 second.

Figure 5.1: The contour is for the objective function in Example 5.1.5. The
region outside the oval is the feasible set. The four diamonds are the minimizers.

5.2 An application

Now we show how to compute the (p,¢)-norm of a matrix A € R™*™ for
positive integers p, g. Recall that

_ Az ||,

lp,q =

1A

= x || Az||,.
w20 |zl lll=1 Iy
When p and g are both even integers, this is a standard polynomial optimization
problem. If one of them is odd, then we need to get rid of the absolute value
constraints. When p is even and ¢ is odd, we can equivalently express that

{ (I[Allp.g)? = max (afz)? + -+ (a;,2)”

st @74 4 |zl = 1. (5.2.1)

Here, the al is the ith row of A. When p is odd and ¢ is even, we have

[Allp,g = max @pi1
st (z)T4+ -4 (x,)? =1, (5.2.2)
lafzP + -+ JahalP = (2n41)P.



5.2. AN APPLICATION 33

Similarly, when p and ¢ are both odd, we have

[Allp,g = max @piq
st Jr|T4 - F x| =1, (5.2.3)
laf el + -+ laf, 2l = (2n4)"

The constraining sets in the above optimization problems can be decomposed
in the same way as in (5.1.1).

Example 5.2.1. Consider the following matrix

-8 -8 -3 1
4 =7 7T 6
6 -7 -7 —4
3 0 -9 -6

A—

Some typical values of the norm ||A||,, and the vector z* for achieving it are
listed in Table 5.1. The norms ||A||,, are all computed successfully by the

Table 5.1: The (p, g)-norms for the matrix A in Example 5.2.1.
(p,q 1 Allp,q z* for ||Allp,q = [|[Az™[|p, [[2*[lg = 1

)
(2,3) | 21.6132 | (0.6568, —0.3937, —0.7542, —0.6097)
(3,2) | 15.5469 | (0.5606, —0.2097, —0.6742, —0.4327)
(3,3) | 19.0928 | (0.6782, —0.4598, —0.7329, —0.5820)
(3,4) | 21.2617 | (0.7446, —0.5841, —0.7824, —0.6700)
(4,3) | 18.0128 | (0.6825, —0.4605, —0.7305, —0.5794)
(4,4) | 20.0605 | (0.7465, —0.5863, —0.7809, —0.6682)
(4,5) | 21.4196 | (0.7895, —0.6633, —0.8166, —0.7261)
(5,4) | 19.3770 | (0.7471, —0.5848, —0.7810, —0.6683)
(5,5) ( )

20.6894 | (0.7896, —0.6635, —0.8165, —0.7260

unified moment relaxation (3.1.2) for the relaxation order & = 2 or 3.
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Chapter 6

Conclusions and Future
Work

This paper proposes a unified Moment-SOS hierarchy for solving the poly-
nomial optimization problem (1.1.1) whose feasible set K is a union of several
basic closed semialgebraic sets K;. Instead of minimizing the objective f sepa-
rately over each individual set K;, we give a unified hierarchy of Moment-SOS
relaxations to solve (1.1.1). This hierarchy produces a sequence of lower bounds
for the optimal value f,;, of (1.1.1). When the archimedeanness is met for each
constraining subset K;, we show the asymptotic convergence of this unified hi-
erarchy. Furthermore, if the linear independence constraint qualification, the
strict complementarity and the second order sufficient conditions hold at every
global minimizer for each K;, we prove the finite convergence of the hierarchy.
For the univariate case, special properties of the corresponding Moment-SOS
relaxation are discussed. To the best of the authors’ knowledge, this is the
first unified hierarchy of Moment-SOS relaxations for solving polynomial opti-
mization over unions of sets. Moreover, numerical experiments are provided to
demonstrate the efficiency of this method. In particular, as applications, we
show how to compute the (p, g)-norm of a matrix for positive integers p, q.

There exists relevant work on approximation and optimization about mea-
sures with unions of several individual sets. For instance, Korda et al. [11] con-
siders the generalized moment problem (GMP) that exploits the ideal sparsity,
where the feasible set is a basic closed semialgebraic set containing conditions
like z;2; = 0. Because of this, the moment relaxation for solving the GMP in-
volves several measures, each supported in an individual set. Lasserre et al. [15]
proposes the multi-measure approach to approximate the moments of Lebesgue
measures supported in unions of basic semialgebraic sets. Magron et al. [20]
discusses the union problem in the context of piecewise polynomial systems. We
would also like to compare the sizes of relaxations (1.2.1) and (1.2.2). To apply
the individual relaxation (1.2.1), we need to solve it for m times. For the unified
relaxation (1.2.2), we only need to solve it for one time. For a fixed relaxation
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order k in (1.2.1), the length of the vector y) is ("'{5’“) For the same k in

(1.2.2), there are m vectors of y¥), and each of them has length ("'z‘fk) The
comparison of the numbers of constraints is similar. Observe that (1.2.1) has
|EW| equality constraints, [Z()| + 1 linear matrix inequality constraints, and
one scalar equality constraint. Similarly, (1.2.2) has |[EM)| 4 - -+ |E(™)| equality
constraints, |[Z(M |+ - - +[Z0™)| +m linear matrix inequality constraints, and one
scalar equality constraint. It is not clear which approach is more computation-
ally efficient. However, in our numerical examples, solving (1.2.2) is relatively
faster.

There is much interesting future work to do. For instance, when the number
of individual sets is large, the unified Moment-SOS relaxations have a large
number of variables. How to solve the moment relaxation (3.1.2) efficiently is
important in applications. For large scale problems, some sparsity patterns can
be exploited. We refer to [10, 21, 42, 43] for related work. It is interesting future
work to explore the sparsity for unified Moment-SOS relaxations. Moreover, how
to solve polynomial optimization over a union of infinitely many sets is another
interesting future work.



Bibliography

[1]

2]

BERTSEKAS, D.: Nonlinear programming, second edition, Athena Scien-
tific, 1995.

BocuNAK, J., CosTE, M., Roy, M.F.: Real algebraic geometry, vol. 36,
Springer Science & Business Media, 2013.

CurtoO, R., FiaLkow, L.: Truncated K-moment problems in several vari-
ables, J. Oper. Theory, 54, 189-226, 2005.

DE KLERK, E.: Aspects of semidefinite programming : interior point
algorithms and selected applications, Springer, 2002.

DRESSLER, M., NIE, J., YANG, Z.: Separability of Hermitian tensors and
PSD decompositions, Linear and Multilinear Algebra 70 (21), 6581-6608,
2022.

HENRION, D., LASSERRE, J.B.: Detecting global optimality and extract-
ing solutions in gloptipoly, in Positive polynomials in control, Springer,
2005, pp. 293-310.

HENRION, D., LASSERRE, J.B., LOFBERG, J.: Gloptipoly 3: moments,

optimization and semidefinite programming, Optimization Methods &
Software, 24 (2009), pp. 761-779.

HENRION, D.; KORDA, M., LASSERRE, J.B.: The Moment-SOS Hierar-
chy, World Scientific, Singapore, 2020.

HENRION, D.: Geometry of exactness of moment-SOS relazations for
polynomial optimization, Preprint, 2023. arXiv:2310.17229

Krep, 1., MAGRON, V., PovH, J.: Sparse noncommutative polynomial
optimization, Mathematical Programming, pp.1-41, 2022.

KorbpA, M., LAURENT, M., MAGRON, V., STEENKAMP, A.: Ezploit-
ing ideal-sparsity in the generalized moment problem with application to
matrix factorization ranks, Mathematical Programming, 2023.

LASSERRE, J.B.: Global optimization with polynomials and the problem
of moments, STAM Journal on optimization, 11 (2001), pp. 796-817.

37



38
[13]

[14]

BIBLIOGRAPHY

LASSERRE, J.B.: Introduction to polynomial and semi-algebraic optimiza-
tion, Cambridge University Press, Cambridge, 2015.

LASSERRE, J.B., LAURENT, M., ROSTALSKI, P.: Semidefinite charac-
terization and computation of zero-dimensional real radical ideals, Found.
Comput. Math., 8 (2008), 607-647.

LASSERRE, J.B., EMIN, Y.: Semidefinite relaxations for Lebesgue and
Gaussian measures of unions of basic semialgebraic sets, Mathematics of
Operations Research, 44(4):1477-1493, 2019.

LAURENT, M.: Semidefinite representations for finite varieties, Math.
Program., 109 (2007), 1-26.

LAURENT, M.: Sums of squares, moment matrices and optimization
over polynomials, Emerging Applications of Algebraic Geometry of IMA
Volumes in Mathematics and its Applications, Vol. 149, pp. 157-270,
Springer, 2009.

LAURENT, M.: Optimization over polynomials: Selected topics, Pro-
ceedings of the International Congress of Mathematicians (S.Y. Jang,
Y.R. Kim, D.-W. Lee, and I. Yie, eds.), pp. 843-869, 2014.

LukAcs, F.: Verschirfung des ersten mittelwertsatzes der integral-
rechnung fir rationale polynome, Mathematische Zeitschrift, 2 (1918),
pp- 295-305.

MAGRON, V., FORETS, M., HENRION, D.: Semidefinite approximations

of invariant measures for polynomial systems, Discrete & Continuous Dy-
namical Systems - B, 24(12):6745-6770, 2019.

Mai, N.H.A., MAGRON, V., LASSERRE, J.B.: A sparse version of
Reznick’s Positivstellensatz, Mathematics of Operations Research 48 (2),
812-833, 2023.

MARKOV, A.: Lectures on functions of minimal deviation from zero
(russian), 1906, Selected Works: Continued fractions and the theory of
functions deviating least from zero, OGIZ, Moscow-Leningrad, (1948),
pp. 244-291.

NESTEROV, Y.: Squared Functional Systems and Optimization Problems,
High performance optimization, pp. 405-440, 2000.

NiE, J.: Polynomial optimization with real varieties, STAM Journal on
Optimization, 23 (2013), pp. 1634-1646.

NiE, J.: Optimality conditions and finite convergence of Lasserre’s hier-
archy, Math. Program., 146(1-2), 97-121, 2014.

NiE, J.: Symmetric tensor nuclear norms, STAM J. Appl. Algebra Geom-
etry, 1(1), 599-625, 2017.



BIBLIOGRAPHY 39

[27]

NiE, J.: Tight relazations for polynomial optimization and lagrange mul-
tiplier expressions, Mathematical Programming, 178 (2019), pp. 1-37.

NiE, J.: Moment and polynomial optimization, SIAM, 2023.

NiE, J., DEMMEL, J.: Shape optimization of transfer functions, Multi-
scale optimization methods and applications, 313-326, 2006.

NiE, J., TaANG, X.: Nash equilibrium problems of polynomials, Mathe-
matics of Operations Research, to appear, 2023.

NiE, J., TaNG, X.: Convex generalized Nash equilibrium problems and
polynomial optimization, Mathematical Programming 198 (2), 1485-1518,
2023.

NiE, J., TANG, X., YANG, Z., ZHONG, S.: Dehomogenization for com-

pletely positive tensors, Numerical Algebra, Control and Optimization 13
(2), 340-363, 2023.

Nig, J., TaANG, X., ZHONG, S.: Rational generalized Nash equilibrium
problems, STAM Journal on Optimization 33 (3), 156871620, 2023.

NiE, J., YANG, L., ZHONG, S.: Stochastic polynomial optimization, Op-
timization Methods and Software 35 (2), 329-347, 2020.

NiE, J., YANG, L., ZHONG, S., ZHOU, G.: Distributionally robust opti-

mization with moment ambiguity sets, Journal of Scientific Computing 94
(1), 12, 2023.

NiE, J., ZHANG, X.: Real eigenvalues of nonsymmetric tensors, Comp.
Opt. and Appl., 70(1), 1-32, 2018.

PoLya, G., SZEGO, G., ET AL.: Problems and Theorems in Analysis:
Series, integral calculus, theory of functions, Springer, 1972.

PoweRrs, V., REzZNICK, B.: Polynomials that are positive on an interval,
Transactions of the American Mathematical Society, 352 (2000), pp. 4677
4692.

PUTINAR, M.: Positive polynomials on compact semi-algebraic sets, Indi-
ana University Mathematics Journal, 42 (1993), pp. 969-984.

REZNICK, B.: Some concrete aspects of Hilbert’s 17" problem, Contemp.
Math., 253, 251-272, AMS, 2000.

STURM, J.F.: Using sedumi 1.02, a matlab toolbox for optimization over
symmetric cones, Optimization methods and software, 11 (1999), pp. 625—
653.

WANG, J., MAGRON, V., LASSERRE, J.B.: TSSOS: A Moment-SOS
Hierarchy That Exploits Term Sparsity, SIAM Journal on Optimization
31 (1), 30-58, 2021.



40 BIBLIOGRAPHY

[43] WANG, J., MAGRON, V., LASSERRE, J.B., Ma1, N.H.A.: CS-TSSOS:
Correlative and term sparsity for large-scale polynomial optimization,
ACM Transactions on Mathematical Software, 48(4), pp.1-26, 2022.

[44] ZvoNG, S., Cul, Y., NIE, J.: Towards Global Solutions for Noncon-
vex Two-Stage Stochastic Programs: A Polynomial Lower Approximation
Approach, Preprint, 2023. arXiv:2310.04243



